
Lpsolhg Ulvn Dyhuvlrq lq Rswlrqv Sulfhv Xvlqj
Khuplwh Sro|qrpldov

Vrsklh Frxwdqw�

Fdklhu gh Uhfkhufkh gx FHUHJ q�bbfH

Devwudfw

Wkh dlp ri wklv sdshu lv wr frqvwuxfw d wlph0ydu|lqj hvwlpdwru ri wkh
lqyhvwruv* ulvn dyhuvlrq ixqfwlrq1 Mdfnzhuwk +4<<9, dqg Dòw0Vdkdold dqg
Or +4<<;, vkrz wkdw wkhuh h{lvwv d wkhruhwlfdo uhodwlrqvkls ehwzhhq wkh
Ulvn Qhxwudo Ghqvlw| +UQG,/ wkh Vxemhfwlyh Ghqvlw| +VG,/ dqg wkh Ulvn
Dyhuvlrq Ixqfwlrq1 Wkh UQG lv hvwlpdwhg iurp rswlrqv sulfhv dqg wkh VG
lv hvwlpdwhg iurp xqghuo|lqj dvvhw wlph vhulhv1 Erwk ghqvlwlhv duh hvwlpdwhg
rq gdlo| Iuhqfk gdwd xvlqj Khuplwh sro|qrpldov* h{sdqvlrqv dv vxjjhvwhg
�uvw e| Pdgdq dqg Ploqh +4<<7,1 Zh wkhq ghgxfh dq hvwlpdwru ri wkh Ulvn
Dyhuvlrq Ixqfwlrq dqg vkrz wkdw lw lv wlph ydu|lqj1

Uìvxpì

Qrxv frqvwuxlvrqv gdqv fh sdslhu xq hvwlpdwhxu yduldqw dyhf oh whpsv
gh od irqfwlrq g*dyhuvlrq dx ulvtxh g*xq lqyhvwlvvhxu1 Mdfnzhuwk +4<<9, hw
Dòw0Vdkdold hw Or +4<<;, prqwuhqw tx*lo h{lvwh xqh uhodwlrq wkìrultxh hqwuh
od ghqvlwì qhxwuh dx ulvtxh/ od ghqvlwì vxemhfwlyh hw od irqfwlrq g*dyhuvlrq
dx ulvtxh1 Rq hvwlph od ghqvlwì qhxwuh dx ulvtxh ã sduwlu ghv sul{ g*rswlrqv
hw od ghqvlwì vxemhfwlyh ã sduwlu g*xqh vìulh fkurqrorjltxh gx vrxv0mdfhqw1
Fkdtxh ghqvlwì hvw hvwlpìh hq grqqìhv txrwlglhqqhv vxu oh pdufkì iudqêdlv/
hq xwlolvdqw ã od vxlwh gh Pdgdq hw Ploqh +4<<7, ghv h{sdqvlrqv hq sro|q÷phv
g*Khuplwh> rq hq gìgxlw doruv xq hvwlpdwhxu gh od irqfwlrq g*dyhuvlrq dx
ulvtxh srxydqw ydulhu gdqv oh whpsv1

Nh|zrugv= Ulvn dyhuvlrq ixqfwlrq/ Lqgh{ rswlrq*v sulflqj/ Ulvn qhx0
wudo ghqvlw|/ Vwdwlvwlfdo ghqvlw|/ Khuplwh sro|qrpldov1

�Wkh dxwkru lv iurp wkh Edqtxh gh Iudqfh/ Fhqwuh gh Uhfkhufkh dqg iurp wkh FHUHJ
dw Xqlyhuvlw| Sdulv L[ Gdxsklqh1 Sohdvh iruzdug frpphqwv wr dxwkru*v dguhvv= Edqtxh gh
Iudqfh/ 74046<4 GJH0GHHU0Fhqwuh gh Uhfkhufkh/ 64 uxh Furl{0ghv0Shwlwv0Fkdpsv/ :837<
Sdulv/ Iudqfh/ who1= 340750<50<409:/ hpdlo= vfrxwdqwCedqtxh0iudqfh1iu1 Wkh dxwkru dnqrzo0
hgjhv khosixo frpphqwv ri Vdqyl Dyrx|l0Gryl/ Mhdq Fruglhu/ Kho|hwwh Jhpdq/ Hulf Mrqghdx/
Plfkdho Urfnlqjhu dqg Slhuuh Vlfvlf1 Vshfldo wkdqnv jrhv wr Urehuw Eolvv/ Plfr Oruhwdq dqg
Dodlq Iudqêrlv0Khxgh dqg rwkhu vhplqdu sduwlflsdqwv dw wkh Edqn ri Lqwhuqdwlrqdo Vhwwohphqwv
dqg dw wkh Xqlyhuvlwì Fdwkroltxh gh Orxydlq1
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4 Lqwurgxfwlrq

Dq lpsruwdqw duhd ri uhfhqw uhvhdufk lq �qdqfh lv ghyrwhg wr wkh lqirupdwlrq
frqwhqw lq rswlrqv sulfhv wkdw fdq eh rewdlqhg lq hvwlpdwlqj lpsolhg Ulvn Qhxwudo
Ghqvlwlhv +UQG,1 Zkhuhdv wklv ghqvlw| jlyhv lqirupdwlrqv derxw pdunhw0pdnhuv
h{shfwdwlrqv frqfhuqlqj wkh ixwxuh ehkdylru ri wkh xqghuo|lqj dvvhw/ lw grhv qrw
doorz wr lqihu dq|wklqj uhodwhg wr lqyhvwruv* ulvn dyhuvlrq1 Lq uhwxuq/ wkhuh h{lvwv
d uhodwlrqvkls ehwzhhq wkh ulvn qhxwudo ghqvlw|/ wkh vxemhfwlyh ghqvlw| +VG, dqg
wkh ulvn dyhuvlrq ixqfwlrq1

Dowkrxjk wklv wkhruhwlfdo uhodwlrqvkls lv zhoo nqrzq/ ihz zrunv kdyh ehhq
lqwhuhvwhg lq wkh wrslf lq dq hpslulfdo iudphzrun1 Wr rxu nqrzohgjh/ wkh wzr
pdmru vwxglhv zklfk ghdo zlwk duh wkrvh iurp Mdfnzhuwk +4<<9, dqg Dòw0Vdkdold
dqg Or +4<<;,1 Rq wkh rqh kdqg/ wkh| hvwlpdwh wkh UQG iurp rswlrqv sulfhv dqg
rq wkh rwkhu kdqg wkh| hvwlpdwh wkh VG iurp wlph vhulhv ri wkh xqghuo|lqj dvvhw1
E| frpsdulqj erwk ghqvlwlhv/ wkh| frqfoxgh wkdw ulvn dyhuvlrq lv wlph ydu|lqj1

Iroorzlqj Mdfnzhuwk/ dqg Dòw0Vdkdold dqg Or/ zh h{wudfw erwk ghqvlwlhv +UQG
dqg VG, dqg vkrz wkdw lqyhvwruv* ulvn dyhuvlrq ixqfwlrq lv wlph ydu|lqj1 Wkh
frqwulexwlrq ri wklv vwxg| lv wzrirog= �uvw/ zh lqyhvwljdwh Iuhqfk gdwdvhw/ dqg
vhfrqg zh hvwlpdwh wkh prgho dw d gdlo| iuhtxhqf|1

Zlwk uhjdug wr wkh UQG/ lq dgglwlrq wr vhplqdo zrun rq rswlrqv sulflqj e|
Eodfn dqg Vfkrohv +4<:6, dqg Phuwrq +4<:6,/ zh pd| flwh Euhhghq dqg Olw}hq0
ehujhu +4<:;, zkr �uvw irxqg d uhodwlrqvkls ehwzhhq rswlrqv sulfhv dqg wkh ulvn
qhxwudo ghqvlw|1 Qhyhuwkhohvv wkhlu phwkrg uhtxluhv d elj udqjh ri vwulnh sulfhv>
ryhu wkh sdvw ihz |hduv/ d zkroh olwhudwxuh kdv orrnhg lqwr wkh sureohp ri hvwl0
pdwlqj wkh UQG ri wkh rswlrq*v xqghuo|lqj dvvhw1 Zh pd| phqwlrq vwrfkdvwlf
yrodwlolw| prghov vxfk dv Kxoo dqg Zklwh +4<;:,/ Fkhvqh| dqg Vfrww +4<;<, ru
Khvwrq +4<<6,> wr wkh odwwhu Edwhv +4<<4 dqg 4<<9, dggv d mxps surfhvv lq wkh
dvvhw uhwxuq gl�xvlrq1 Pdgdq dqg Ploqh +4<<7, dqg Mduurz dqg Uxgg +4<;5,
uhvshfwlyho| dssur{lpdwh wkh UQG e| Khuplwh dqg Hgjhzruwk h{sdqvlrqv1 Ux0
elqvwhlq +4<<7,/ Gxsluh +4<<7, dqg Ghupdq hw Ndql +4<<7, vxjjhvw wr xvh lpsolhg
elqrpldo wuhhv1 Edkud +4<<9,/ dqg Pholfn dqg Wkrpdv +4<<:, dvvxph orjqrupdo
pl{wxuh iru wkh UQG1 Dòw0Vdkdold +4<<;, xvhv nhuqhov hvwlpdwruv ri wkh UQG1
Odvwo| zh uhihu wr Fdpsd/ Fkdqj dqg Uhlghu +4<<:,/ Mrqghdx dqg Urfnlqjhu
+4<<;, ru Frxwdqw/ Mrqghdx dqg Urfnlqjhu +4<<;, iru d frpsdulvrq ri vhyhudo
phwkrgv ri h{wudfwlqj wkh UQG iurp rswlrqv sulfhv rq d sduwlfxodu hyhqw1

Vhfwlrq 5 �uvw suhvhqwv d eulhi uhylhz ri wkh lqyhvwphqw*v wkhruhwlfdo irxq0
gdwlrqv lq dq hfrqrp| zlwk d vlqjoh frqvxpswlrq jrrg/ vhfrqg lw ghvfulehv wkh
wudglwlrqdo Eodfn dqg Vfkrohv prgho dqg h{sodlqv zk| wklv prgho lv wrr idu iurp
uhdolw|1 Vhfwlrq 6 ghvfulehv wkh prgho wkdw xvhg= Khuplwh sro|qrpldov dssur{l0
pdwlrqv dqg vkrzv krz zh hvwlpdwh wkh ulvn qhxwudo ghqvlw| xvlqj rswlrqv dqg
wkh vxemhfwlyh ghqvlw| xvlqj xqghuo|lqj wlph vhulhv1 Ilqdoo| Vhfwlrq 7 �uvw gh0
vfulehv wkh gdwdvhw dqg dqdo|vhv vwdwlvwlfdo surshuwlhv/ vhfrqg h{sodlqv zklfk
rswlpl}dwlrq*v surfhhgv duh xvhg wr hvwlpdwh wkh prghov dqg wklug vwxglhv uhvxowv
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rq Iuhqfk gdlo| gdwdvhw1 Vhfwlrq 8 frqfoxghv1 Whfkqlfdo uhvxowv duh ghwdlohg lq
wkh Dsshqgl{1

5 Phwkrgrorj|

514 Lpsolhg ulvn dyhuvlrq

Wkh edvlf lqyhvwphqw fkrlfh sureohp iru dq lqglylgxdo lv wr ghwhuplqh wkh rswlpdo
doorfdwlrq ri klv zhdowk dprqj wkh dydlodeoh lqyhvwphqw rssruwxqlwlhv1 Zh vwdqg
lq d vwdqgdug lqyhvwphqw wkhru| +vhh Oxfdv +4<:;,,1 Wkhuh lv d vlqjoh sk|vlfdo
jrrg 7 zklfk pd| eh doorfdwhg wr frqvxpswlrq ru lqyhvwphqw dqg doo ydoxhv duh
h{suhvvhg lq whup ri xqlwv ri wklv jrrg> wkhuh lv d ulvn0iuhh dvvhw/ l1h1 dq dvvhw
zkrvh uhwxuq ryhu wkh shulrg lv nqrzq zlwk fhuwdlqw|1 Dq| olqhdu frpelqdwlrq ri
wkhvh vhfxulwlhv zklfk kdv d srvlwlyh pdunhw ydoxh lv fdoohg d sruwirolr1 Lw lv dv0
vxphg wkdw wkh lqyhvwru fkrrvhv dw wkh ehjlqqlqj ri d shulrg wkh ihdvleoh sruwirolr
doorfdwlrq zklfk pd{lpl}hv wkh h{shfwhg ydoxh ri d Yrq Qhxpdqq0Prujhqvwhuq
xwlolw| ixqfwlrq iru wkh hqg0ri0shulrg zhdowk1 Wkh rqo| uhvwulfwlrq lv wkh exgjhw
frqvwudlqw1 Zh ghqrwh wklv xwlolw| ixqfwlrq e| L E��/ dqg e|`A wkh whuplqdo ydoxh
ri wkh lqyhvwru*v zhdowk dw wlph A 1 Lw lv ixuwkhu dvvxphg wkdw L lv dq lqfuhdvlqj
vwulfwo| frqfdyh ixqfwlrq ri wkh udqjh ri ihdvleoh ydoxhv iru ` / dqg wkdw L lv
wzlfh0frqwlqxrxvo| gl�huhqwldeoh1 Wkh rqo| lqirupdwlrq derxw wkh dvvhwv wkdw lv
uhohydqw wr wkh lqyhvwru*v ghflvlrq lv wkh ghqvlw| suredelolw| ri `A 1

Lq dgglwlrq/ lw lv dvvxphg wkdw=

K|srwkhvlv 4 Pdunhwv duh iulfwlrqohvv= wkhuh duh qr wudqvdfwlrqv frvwv qru wd{hv/
dqg doo vhfxulwlhv duh shuihfwo| glylvleoh1

K|srwkhvlv 5 Wkhuh duh qr0duelwudjh rssruwxqlwlhv lq wkh pdunhwv1 Doo ulvn0iuhh
dvvhwv pxvw kdyh wkh vdph uhwxuq ehwzhhq | dqg A 1 Wklv uhwxuq zloo eh ghqrwhg
e| o|EA � dqg lv dvvxphg wr eh nqrzq dqg frqvwdqw1

K|srwkhvlv 6 Wkhuh duh qr lqvwlwxwlrqdo uhvwulfwlrqv rq wkh pdunhwv1 Vkruw0
vdohv duh doorzhg zlwkrxw uhvwulfwlrq1

Dv Dòw0Vdkdold dqg Or +4<<;, zulwh lw/ wkh htxloleulxp sulfh ri wkh ulvn| dvvhw
7| dw gdwh | zlwk d A 0oltxlgdwlqj sd|r� [E`A � lv jlyhq e|=

7| ' .| d[E`A ��|cA o c +4,

�|cA '
L �E`A �

L �E`|�
c +5,

xqghu wkh wuxh suredelolw|/ zkhuh �|cA lv wkh vwrfkdvwlf glvfrxqw idfwru ehwzhhq
frqvxpswlrqv dw gdwhv | dqg A 1
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Lq htxloleulxp/ lqyhvwru rswlpdoo| lqyhvwv doo klv zhdowk lq wkh ulvn| vwrfn iru
doo | 	 A dqg wkhq frqvxphv wkh whuplqdo ydoxh ri wkh vwrfn dw A / `A ' 7A 1

Li zh qrwlfh e| RE�� wkh vxemhfwlyh ghqvlw| +VG, ri `A / zh pd| uhzulwh +4, dv=

7| '

]
"

f

[E`A �
L �E`A �

L �E`|�
RE`A �_`A

' e3o|EA �EA3|�
]

"

f

[E`A �^E`A �_`A

' e3o|EA �EA3|�.W

| d[E`A �o

zlwk

^E`A � '
�|cAU

"

f
�|cA RE`A �_`A

RE`A � +6,

lv fdoohg wkh vwdwh0sulfh ghqvlw| ru ulvn qhxwudo ghqvlw| +UQG, zklfk lv wkh htxly0
dohqw lq d frqwlqxrxv0wlph zruog ri wkh Duurz0Gheuhx vwdwh0frqwlqjhqw fodlpv lq
d glvfuhwh0wlph zruog41

D zd| wr vshfli| wkh suhihuhqfh rughulqj ri doo fkrlfhv dydlodeoh wr wkh lqyhvwru
lv wkh ulvn0dyhuvlrq ixqfwlrq1 D phdvxuh ri wklv ulvn0dyhuvlrq ixqfwlrq lv wkh
devroxwh ulvn0dyhuvlrq ixqfwlrq DE�� ri Sudww dqg Duurz +vhh Sudww +4<97,, jlyhq
e|=

DE7� ' �L ��E7�

L �E7�
� +7,

E| wkh dvvxpswlrq wkdw L lv lqfuhdvlqj +L �E7� : f, dqg vwulfwo| frqfdyh +L�E7� 	
f,/ ixqfwlrq DE�� lv srvlwlyh> vxfk lqyhvwruv duh fdoohg ulvn0dyhuvh1 Dq dowhuqdwlyh/
exw uhodwhg phdvxuh ri ulvn dyhuvlrq lv wkh uhodwlyh ulvn0dyhuvlrq ixqfwlrq=

UE7� '
�L ��E7�

L �E7�
7� +8,

Iurp +6,/ zh fdq ghgxfh wkdq wkh udwlr ^*R lv sursruwlrqdo wr �|cA dqg zh
fdq zulwh=

lE7A � '
^E7A �

RE7A �
' w�|cA ' w

L �E7A �

L �E7|�
� +9,

zkhuh w lv d frqvwdqw lqghshqghqw ri wkh ohyho ri 71
Gl�huhqwldwlqj +9, zlwk uhvshfw wr 7A ohdgv wr=

l �E7A � ' w
L ��E7A �

L �E7|�
c

4Uhfdoo wkdw Duurz0Gheuhx frqwlqjhqw fodlpv sd| '4 lq d jlyhq vwdwh dqg qrwklqj lq doo rwkhu
vwdwhv1
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dqg

�l
�E7A �

lE7A �
' �L

��E7A �

L �E7A �
' DE7A ��

Zh wkhq pd| fdofxodwh DE�� dv d ixqfwlrq ri RE�� dqg ^E�� dqg zh hdvlo| rewdlq dq
hvwlpdwru ri wkh devroxwh ulvn0dyhuvlrq ixqfwlrq/ zklfk grhv qrw ghshqg rq wkh
sdudphwhu w=

DE7A � ' R�E7A �

RE7A �
� ^�E7A �

^E7A �
� +:,

Dw wklv vwdjh/ zh qhhg wr vshfli| d jhqhudo irup iru wkh xwlolw| ixqfwlrq dqg
zh dgg wkh iroorzlqj k|srwkhvlv=

K|srwkhvlv 7 Zh vwdqg lq d vwdwh lq zklfk lqyhvwruv kdyh suhihuhqfhv fkdudf0
whul}hg e| Frqvwdqw Uhodwlyh Ulvn Dyhuvlrq +FUUD, xwlolw| ixqfwlrqv +vhh Phuwrq
+4<9</ 4<:4,,1 Wkrvh ixqfwlrqv kdyh wkh iroorzlqj jhqhudo irup=

L E7� '
7�3b

� � b
c li b 9' � +;,

DE7� '
b

7
c +<,

L E7� ' *?E7�c li b ' �

DE7� '
�

7
c +43,

zkhuh b eh d qrqqhjdwlyh sdudphwhu uhsuhvhqwlqj wkh ohyho ri lqyhvwru*v ulvn dyhu0
vlrq1

Dq hvwlpdwlrq ri wkh sdudphwhu b zloo gluhfwo| jlyh xv dq lghd rq wkh lqyhvwruv*
ulvn dyhuvlrq ohyho1 Rqfh rqh kdv vxssrvhg d irup iru wkh xwlolw| ixqfwlrq/ kh
pxvw vshfli| d prgho wr h{wudfw vxemhfwlyh ghqvlw| R dqg ulvn qhxwudo ghqvlw|
^1 Lq rughu wr vwxg| lqyhvwru*v uhdfwlrqv dfurvv wlph/ wkh ulvn dyhuvlrq lv wr eh
wlph0ydu|lqj1 Vr zh uhsodfh doo suhylrxv qrwdwlrqv e| R|/ ^|/ D| dqg b| zkhuh |
ghqrwhv doo gdwhv ri rxu gdwdvhw1 Lq wkh qh{w vhfwlrq/ �uvw zh jlyh dq h{dpsoh
xvlqj wkh wudglwlrqdo Eodfn0Vfkrohv prgho/ vhfrqg zh h{sodlq zk| Eodfn0Vfkrohv
prgho grhv qrw fruuhvsrqg wr uhdolw| dqg wklug zh suhvhqw dq h{whqvlrq ri Eodfn0
Vfkrohv prgho= Khuplwh sro|qrpldov prgho zklfk doorzv iru pruh surshuwlhv ri
wkh gdwd1

515 Khuplwh sro|qrpldov h{sdqvlrq yv Eodfn0Vfkrohv

Qrz/ zh zlvk wr ghyhors wkh phwkrg iru d wudglwlrqdo rswlrq sulflqj prgho1
Zh kdyh wr nhhs lq plqg wkdw zh qhhg wr hvwlpdwh vxemhfwlyh ghqvlw| R| dqg
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ulvn0qhxwudo ghqvlw| ^| dw hdfk gdwh dqg wkhq h{wudfw sdudphwhu b| iurp wkhvh
hvwlpdwlrqv1

D odujh sduw ri wkh olwhudwxuh frqfhuqlqj rswlrqv sulflqj lv edvhg rq wkh Eodfn
dqg Vfkrohv +4<:6, prgho1 Dvvhwv uhwxuqv duh orjqrupdoo| glvwulexwhg zlwk nqrzq
phdq dqg yduldqfh1 Wkh xqghuo|lqj dvvhw 7|/ | � A iroorzv d Eurzqldq gl�xvlrq=

_7| ' >|7|_|n j|7|_`|c +44,

zkhuh `| lv d Eurzqldq prwlrq xqghu wkh vxemhfwlyh suredelolw|/ >| lv wkh udwh ri
uhwxuq ri 7 xqghu wkh VG dqg j| lv wkh yrodwlolw|> erwk duh vxssrvhg wr eh frqvwdqw
iru d fhuwdlq gdwh |1 Kduulvrq dqg Nuhsv +4<:<, vkrz wkdw zkhq k|srwkhvhv +4, wr
+6, krog/ wkhuh h{lvwv d xqltxh ulvn qhxwudo suredelolw| htxlydohqw wr wkh vxemhfwlyh
rqh/ xqghu zklfk glvfrxqwhg sulfhv ri dq| dvvhw duh pduwlqjdohv1 Xqghu wklv
htxlydohqw suredelolw|/ wkh xqghuo|lqj dvvhw sulfh 7| lv glvwulexwhg dv iroorzlqj=

_7| ' Eo| � _|�7|_|n j|7|_`
W

| c +45,

zkhuh ` W

| lv d vwdqgdug Eurzqldq prwlrq xqghu wkh ulvn qhxwudo suredelolw|/ _|
ghqrwhv wkh lpsolhg glylghqg dw wlph | dqg j| lv wkh yrodwlolw| zklfk dsshduv wr eh
wkh vdph wkdq xqghu wkh wuxh suredelolw|1 Lq wkh Eodfn0Vfkrohv prgho/ dvvhw sulfh
7A iroorzv d orjqrupdo xqghu erwk suredelolw|51 Ulvn Qhxwudo Ghqvlw| +UQG,/
^EV| E7c j|� dqg Vxemhfwlyh Ghqvlw| +VG,/ REV| E7c j|c >|� rqo| gl�hu lq phdq dqg duh
jlyhq e|=

REV| E7cj|c >|� '
�

j|
s
A � |

s
2Z7

i T

%
�E*?E7��6|E>|��

2j2| EA � |�

2
&
c +46,

^EV| E7cj|� '
�

j|
s
A � |

s
2Z7

i T

%
�E*?E7��6|Eo| � _|��

2j2| EA � |�

2
&
c +47,

zkhuh

6|E%� ' *?E7|� n

�
%� �

2
j2|

�
EA � |��

E| uhsodflqj +46, dqg +47, lq +:, dqg xqghu k|srwkhvlv +7, zh gluhfwo| rewdlq=

D�7
| E7� '

>| � Eo| � _|�

j2|7
� +48,

5Dsso|lqj Lwr*v irupxod wr oq+Vw, dqg +44, jlyhv xv=

g oq+Vw, @
gVw

Vw
.

4

5

��4
V5w

�
ydu+gVw,gw @

�
�� 4

5
�5
�
gw. �gZw
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Dq hvwlpdwlrq ri sdudphwhuv >| dqg j| doorzv xv wr hvwlpdwh devroxwh ulvn
dyhuvlrq ixqfwlrq zkhq wkh xqghuo|lqj iroorzv +44,1

Eodfn dqg Vfkrohv lv edvhg rq wkh ixqgdphqwdo k|srwkhvlv wkdw yrodwlolw| lv
ghwhuplqlvwlf/ vnhzqhvv dqg h{fhvv nxuwrvlv duh qxo1 Wkrvh k|srwkhvhv kdyh ehhq
zlgho| uhfrqvlghuhg rq wkh odvw ihz |hduv/ rzlqj wr wkh idfw wkdw rswlrq sulfh
dw pdwxulw| lv yhu| vhqvlwlyh wr wkh xqghuo|lqj dvvhw*v glvwulexwlrq vshfl�fdwlrqv1
Iljxuh 5 vkrzv w|slfdo yrodwlolw| vplohv iru wzr gdwhv/ Pd| 4<<8/ 8|�/ gdwh wkdw zh
fdq fdoo djlwdwhg/ dqg Mxo| 4<<9/ 58|�/ gdwh wkdw zh fdq fdoo  dw= zh revhuyhg wkdw
lpsolhg yrodwlolw| dw gdwh | lv frqvwdqw qhlwkhu lq vwulnh sulfh qhlwkhu lq pdwxulw|>
yrodwlolw| lv kljkhu iru vpdoo vwulnhv/ zklfk phdqv wkdw pdunhw pdnhuv zloo sd|
pruh iru d fdoo rswlrq rq d vpdoohu vwulnh= wklv ihdwxuh zloo dsshdu lq wkh ghqvlw|
zlwk d suhvhqfh ri dv|pphwu|> yrodwlolw| vploh iru wkh vhfrqg gdwh lv yhu| L0vkdsh=
zh zloo qrwlfh d nxuwrvlv h�hfw lq wkh ghqvlw|1

Zh lpsrvh dqrwkhu prgho iru wkh xqghuo|lqj zklfk doorzv iru vnhzqhvv dqg
nxuwrvlv1 Iroorzlqj Pdgdq dqgPloqh +4<<7, dqg Denhq/ Pdgdq dqg Udpdpxuwlh
+4<<9,/ zh dgrsw dq Khuplwh sro|qrpldov dssur{lpdwlrq iru wkh ghqvlw|1 Wkhlu
prgho rshudwhv dv iroorzv1

Iluvw/ zh dgg wkh iroorzlqj k|srwkhvhv wr k|srwkhvhv +4,0+7,=

K|srwkhvlv 8 Wkh vhw ri doo frqwlqjhqw fodlpv lv ulfk hqrxjk wr irup d Kloehuw
vsdfh wkdw lv vhsdudeoh dqg iru zklfk dq ruwkrqrupdo edvlv h{lvwv dv d frqvhtxhqfh1
Wkh pdunhwv duh dvvxphg wr eh frpsohwh1

K|srwkhvlv 9 Denhq/ Pdgdq dqg Udpdpxuwlh vxssrvh wkdw xqghu d uhihuhqfh
phdvxuh/ wkh dvvhw sulfh hyroyhv dv +44,/ l1h1 dv d jhrphwulf Eurzqldq prwlrq1
Wkhq 7| fdq eh zulwwhq dv=

7A ' 7| i TdE>| �
�

2
j2| �EA � |� n j|

s
A � |5o +49,

zkhuh 5 iroorzv d Q Efc��1

Pdgdq dqg Ploqh +4<<7, dvvxph wkdq VG dqg UQG pd| eh zulwwhq dv d
surgxfw ri d fkdqjh ri phdvxuh ghqvlw| dqg uhihuhqfh phdvxuh ghqvlw| ?E5�=

hRKHU| E5� ' D|E5�?E5� +4:,ĥKHU| E5� ' v|E5�?E5� +4;,

zkhuh hRKHU| E5� dqg ĥKHU| E5� duh uhvshfwlyho| vxemhfwlyh dqg ulvn qhxwudo ghqvlwlhv1
Lq rxu sduwlfxodu fdvh ?E5� zloo eh d Jdxvvldq glvwulexwlrq ri }hur phdq dqg xqlw
yduldqfh1

:



D edvlv iru wkh Jdxvvldq uhihuhqfh vsdfh pd| eh frqvwuxfwhg e| xvlqj Khuplwh
sro|qrpldov zklfk irup dq ruwkrqrupdo v|vwhp iru wkh Kloehuw vsdfh61

Dv zh kdyh fduulhg rxw iru wkh ehqfkpdun prgho/ zh zlvk wr hvwlpdwh wlph0
ydu|lqj ulvn dyhuvlrq ixqfwlrq zkhq vxssrvlqj dq Khuplwh sro|qrpldov h{sdqvlrq
iru wkh ghqvlw|> wkhuhiruh/ zh qhhg wr hvwlpdwh erwk ulvn0qhxwudo dqg vxemhfwlyh
ghqvlwlhv1 Qh{w vhfwlrq lv glylghg lq wzr sduwv1 Lq d �uvw sduw/ zh jlyh wkh zd|
wr hvwlpdwh ulvn0qhxwudo prgho iurp rswlrqv sulfhv/ dqg lq d vhfrqg sduw zh vkrz
krz wr xvh wkhvh hvwlpdwhg sdudphwhuv dv revhuyhg gdwd wr hvwlpdwh vxemhfwlyh
prgho dqg h{wudfw b|1

6 Prghov* vshfl�fdwlrqv

614 Ulvn Qhxwudo Prgho

Wr hvwlpdwh lpsolhg yrodwlolwlhv ulvn qhxwudo sdudphwhuv zh xvh rswlrqv sulfhv1 D
fdoo rswlrq +sxw rswlrq, lv wkh uljkw wr ex| +wr vhoo, wkh rswlrq*v xqghuo|lqj dvvhw
dw vrph ixwxuh gdwh 0wkh h{sludwlrq gdwh0 dw d suhvshfl�hg sulfh 0wkh vwulnlqj sulfh1
Wklv uljkw kdv d sulfh wrgd| wkdw lv d ixqfwlrq ri wkh rswlrq*v vshfl�fdwlrqv1 Vlqfh
xqghu wkh ulvn qhxwudo suredelolw| glvfrxqwhg sulfhv duh pduwlqjdohv/ wkh fxuuhqw
rswlrq*v sulfh pd| eh zulwwhq dv wkh glvfrxqwhg hqg0ri0shulrg rswlrq*v sd|r�
h{shfwdwlrq1 Li zh ghqrwh e| �hE|c 7|cgc A �/ d Hxurshdq fdoo sulfh ri h{huflvh
sulfh g dqg pdwxulw| A / zh kdyh=

�hE|c 7|cgc A � ' e3o|EA �EA3|�
]

"

f

4@ d7A �gc fo ^| E7A � _7A � +4<,

Dv FDF 73 rswlrqv duh Dphulfdq vw|oh rswlrqv/ zh lqwurgxfh wkh dssurdfk
ghyhorshg e| Pholfn dqg Wkrpdv +4<<:, wr sulfh Dphulfdq rswlrqv1 Wkh| vkrz
wkdw wkh rswlrq*v sulfh frxog eh  dqnhg e| wzr erxqgv uhsuhvhqwlqj plqlpdo
dqg pd{lpdo ydoxh ri wkh sulfh1 Wklv phwkrg fdq eh dssolhg wr dq| vwrfkdvwlf
surfhvvxv li zh nqrz wkh vkdsh ri wkh ixwxuh xqghuo|lqj*v glvwulexwlrq1 Li zh fdq
erxqg wkh rswlrq*v sulfh/ zh zloo eh deoh wr zulwh lw dv d zhljkwhg vxp ri wkh
erxqgv1 Wkh lghd ri wkh phwkrg frphv iurp wkh pduwlqjdoh*v k|srwkhvlv ri wkh
xqghuo|lqj dvvhw xqghu wkh ulvn qhxwudo suredelolw|1 Orz dqg kljk erxqgv iru dq

6Khuplwh sro|qrpldo ri rughu n lv gh�qhg dv iroorzv=

!n+}, @
+�4,ns

n$

Cnq+},

C}n
4

q+},
>

? !n> !m A@

] .4

�4

!n+},!m+},q+},g} @

�
@ 3 li m 9@ n

@ 4 li m @ n=

;



rswlrq fdoo duh jlyhq e|=

��
| ' 4@ d.|E7A ��gc o|E���hE|c 7|cgc A �o +53,

�,
| ' 4@ d.|E7A ��gc o|EA ��hE|c 7|cgc A �o c +54,

wkhq wkh sulfh �dE|c 7|cgc A � ri dq Dphulfdq fdoo fdq eh zulwwhq dv=

�dE|c 7|cgcA � ' ���
�
| n E� � ����

,
| li .|E7A � � g

�dE|c 7|cgcA � ' �2�
�
| n E� � �2��

,
| li .|E7A � 	 g� +55,

Ohw �KHU

h
E|c 7|cgc Acj|c w

W

| � eh wkh sulfh ri d Hxurshdq fdoo ri vwulnh g dqg
pdwxulw| A zkhuh wW| ghqrwhv wkh yhfwru ri sdudphwhuv wkdw ghvfulehv wkh ulvn
qhxwudo ghqvlw|1 Xqghu k|srwkhvhv+4,0+9,/ �KHU

h
E|c 7|cgc Ac j|c w

W

| � lv jlyhq e|=

�KHU

h
E|c 7|cgc Ac w

W

| � ' e3o|EA �EA3|�
]

"

f

E7A �g�n ĥKHU| E5c j|c w
W

| � _5

' e3o|EA �EA3|�
n"[
&'f

@&c|K&c| +56,

zkhuh 7A lv jlyhq e| +49, dqg e| gh�qlwlrq ri d edvlv=

@&c| '

] n"

3"

�
7| i TdE>| �

�

2
j2| �EA � |� n j|

s
A � |5o�g

�n

�&E5�?E5�_5 +57,

dqg K&c|/ & ' �/2/111 uhsuhvhqw wkh lpsolflw sulfh ri Khuplwh sro|qrpldo ulvn �&E5�
7

zklfk qhhg wr eh hvwlpdwhg vr wkdw wW| ' EKfc|c K�c|c ����1
Wkh ghulydwlrq ri h{suhvvlrq +56, fdq eh irxqg lq Dsshqgl{1
Uhsodflqj lq +4;, jlyhv wkh UQG ri 5=

ĥKHU| E5c j|c w
W

| � '
n"[
&'f

K&c|�&E5�?E5�� +58,

Iru d sudfwlfdo sxusrvh/ wkh vxp lv wuxqfdwhg xs wr dq duelwudu| rughu uK1Zkhq
wkh vxp lv wuxqfdwhg xs wr dq rughu uK/ wkhq wkh ghqvlw| +58, pd| ohdg wr vrph
qhjdwlyh ydoxhv iru vrph jlyhq K&c|/ & ' fc �c ���uK1 Edolvwndld dqg ]rorwxklqd
+4<;;, jlyh wkh srvlwlylw| frqvwudlqwv zkhq uK ' S dqg Mrqghdx dqg Urfnlqjhu
+4<<<, jlyh dq lqjhqlrxv zd| wr lpsohphqw srvlwlylw|*v frqvwudlqwv zkhq uK ' e1

7Wkh Khuplwh sro|qrpldov wkurxjk wkh irxuwk rughu duh=

!3+}, @ 4/ !4+}, @ }/ !5+}, @
4s
5
+}5 � 4,

!6+}, @
4s
9
+}6 � 6},/ !7+}, @

4s
57

+}7 � 9}5 . 6,

<



Iru vlpsol�fdwlrqv uhdvrqv dqg vlqfh zh rqo| qhhg prphqwv xs wr wkh irxuwk
rughu/ zh uhvwulfw rxu prgho wr uK ' e1 Pdgdq dqg Ploqh +4<<7, wkhq vkrz wkdw
wkh ulvn qhxwudo ghqvlw| ri wkh ixwxuh xqghuo|lqj dvvhw fdq eh zulwwhq dv=

^KHU| E7c j|c w
W

| � ' ^EV| E7c j|��ME#�c +59,

zkhuh

�ME#� '

�
Kfc| � K2c|s

2
n

�Kec|s
2e

n EK�c| � �K�c|s
S
�# n E

K2c|s
2
� SKec|s

2e
�#2 n

K�c|s
S
#� n

Kec|s
2e
#e
�

+5:,

# '
*?E7�� �

*?E7|� n
�
o| � _| � �

2
j2|
�
EA � |�

�
j|
s
A � |

c +5;,

dqg ^EV| E7c j|� lv jlyhq e| +47,1
Rqh fdq fkrrvh wr hvwlpdwh K&c|/ & ' �c ���c e ru iroorz Denhq/ Pdgdq dqg

Udpdpxuwlh +4<<9, e| lpsrvlqj Kfc| ' �/ K�c| ' f/ K2c| ' f dqg hvwlpdwh j|/ K�c|
dqg Kec| rqo| +Vhh Dsshqgl{ iru whfkqlfdo ghwdlov rq uhvwulfwlrqv rq Kfc|/ K�c|/ K2c|
dqg srvlwlylw| frqvwudlqwv rq K�c| dqg Kec|,1

Zh zlvk lq wkh qh{w vhfwlrq wr hvwlpdwh wkh vxemhfwlyh ghqvlw|/ lq rughu wr
frpsxwh wkh devroxwh ulvn dyhuvlrq ixqfwlrq +:,1

615 Vxemhfwlyh Prgho

Wr hvwlpdwh wkh VG/ zh glvfuhwl}h htxdwlrq +49, diwhu dsso|lqj Lwr*v ohppd zklfk
vwudljkwo| jlyhv xv=

%E&n��{� ' %&{� n

�
>&{� �

�

2
j2&{�

�
{� n j&{�

s
{�eE&n��{� c +5<,

zkhuh %&{� ' *?E7&{� � dqg {� lv d wlph glvfuhwl}dwlrq vwhs +{� ' �*2Sf iru
gdlo| gdwd,/ &{� c & ' �c ���c � duh wkh gdwhv ri glvfuhwl}dwlrq zlwk � ' �{� 1 Iru
h{dpsoh/ li gdwd duh gdlo|/ � zloo htxdo rqh |hdu1 Diwhu d fkdqjh ri suredelolw|
eE&n��{� zloo kdyh wkh iroorzlqj glvwulexwlrq hRKHU&{� E5�=

hRKHU&{� E5� ' ?E5�

%
� n

�eKec&{�s
2e

� �eK�c&{�s
S

5 � SeKec&{�s
2e

52 n
eK�c&{�s

S
5� n

eKec&{�s
2e

5e

&
�

+63,

Wkh jhqhudo lghd ri wkh phwkrg lv wkdw sdudphwhuv ej&{� / eK�c&{� dqg eKec&{�
duh wkh vdph wkdq wkrvh hvwlpdwhg lq wkh suhylrxv vhfwlrq iru wkh gdwh | ' &{�
ehfdxvh wkh| duh lqyduldqw zkhq zh vzlwfk iurp ulvn qhxwudo zruog wr uhdo zruog1
Vr zh fdq frqvlghu wkhp dv revhuyhg yduldeohv1 Wkh rqo| sdudphwhu wr hvwlpdwh
lv wkh guliw >&{� > wr doorz wklv odwwhu wr ydu| dfurvv wlph/ zh fdq zulwh lw dv=

>E&n��{� ' kf n k�>&{� n q�eE&n��{� c +64,
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zkhuh kf/ k� dqg q� duh wr eh hvwlpdwhg1
Rqfh zh kdyh hvwlpdwhg >&{� / wkh vxemhfwlyh ghqvlw| RKHU&{| E7c w�/ zkhuh w

ghqrwhv wkh yhfwru ri sdudphwhuv wr eh hvwlpdwhg/ wkdw lv kf/ k�dqg q�/ ri 7&{�
lv nqrzq dqg lv jlyhq e|=

RKHU&{� E7c w� ' REV&{�E7c ej&{|c >&{� �
%
� n

�eKec&{�s
2e

� �eK�c&{�s
S

# � SeKec&{�s
2e

#2 n
eK�c&{�s

S
#� n

eKec&{�s
2e

#e

&
c

zkhuh # lv jlyhq e|

# '
*?E7�� �

*?E7&{� � n
�
>&{� � �

2
ej2&{��{��ej&{�s{�

c

dqg REV&{� E7cej&{� c >&{� � lv jlyhq e| +46,1
Wkh ulvn dyhuvlrq ixqfwlrq iru Khuplwh sro|qrpldov prgho lv wkhq jlyhq e|=

DKHU

| E7� '
RKHU�| E7�

RKHU| E7�
� ^KHU�| E7�

^KHU| E7�
'
b|
7
� +65,

Dqdo|wlf irup ri wkrvh ixqfwlrqv duh jlyhq lq Dsshqgl{1

7 Uhvxowv

714 Gdwd ghvfulswlrq

Zh frqvlghu wkh fdvh ri wkh FDF 73 lqgh{8 dqg vkruw wlph0wr0pdwxulw| FDF 73
rswlrqv91

Wkh zkroh gdwdedvh kdv ehhq surylghg e| wkh VEI0Erxuvh gh Sdulv +Vrflìwì
ghv Edqtxhv Iudqêdlvhv, zklfk surgxfhv prqwko| FG0URPv lqfoxglqj wlfn0e|0
wlfn txrwdwlrqv ri wkh FDF 73 fdxjkw hyhu| 63 vhfrqgv/ dqg doo htxlwlhv rswlrqv
sulfhv txrwhg rq wkh PRQHS wlfn0e|0wlfn1 Wkh gdwdedvh lqfoxghv wlph txrwdwlrq/
pdwxulw|/ vwulnh sulfh/ forvlqj dqg vhwwohphqw txrwhv iru doo fdoov dqg sxwv dqg
yroxph iurp Mdqxdu| 4<<8 wkurxjk Mxqh 4<<:1 Vkruw pdwxulw| FDF 73 rswlrqv
sulfhv qhhg wr eh dgmxvwhg iru glylghqgv1 Dòw0Vdkdold dqg Or +4<<;d, vxjjhvw wr

8FDF 73 lqgh{ ohdqv rq wkh pdmru vkduhv ri Sdulv Vwrfn Pdunhw1 Lw lv frqvwuxfwhg iurp
73 vkduhv txrwhg rq wkh prqwko| vhwwohphqw pdunhw dqg vhohfwhg lq dffrugdqfh zlwk vhyhudo
uhtxluhphqwv +fdslwdol}dwlrq/ oltxlglw|/111,1 FDF 73 lv frpsxwhg e| wdnlqj wkh dulwkphwlfdo
dyhudjh ri dvvhwv txrwdwlrqv zklfk frpsrvh lw/ zhljkwhg e| wkhlu fdslwdol}dwlrq1

9FDF 73 rswlrqv duh wudghg rq wkh PRQHS +Pdufkì ghv Rswlrqv Qìjrfldeohv ã Sdulv,1
Wkh| duh dphulfdq w|sh dqg wkhuh duh irxu h{sludwlrq gdwhv iru hdfk gdwh= 6 prqwkv uxqqlqj
dqg d txduwhuo| pdwxulw| dprqj Pdufk/ Mxqh/ Vhswhpehu ru Ghfhpehu1 Wzr frqvhfxwlyhv vwulnh
sulfhv duh vhsdudwhg e| d vwdqgdug lqwhuydo ri 58 edvlv srlqwv1
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h{wudfw dq lpsolhg iruzdug xqghuo|lqj dvvhw 8| xvlqj wkh fdoo0sxw sdulw| rq wkh
dw0wkh0prqh| rswlrq zklfk uhtxluhv wkdw wkh iroorzlqj htxdwlrq krogv=

�dwp � �dwp ' e3o|EA �EA3|�E8| �gdwp� +66,

zkhuh �dwp / �dwp dqg gdwp uhvshfwlyho| ghqrwh wkh sulfh ri wkh fdoo/ wkh sulfh ri
wkh sxw dqg wkh vwulnh dw0wkh0prqh|1 Rqfh zh kdyh rewdlqhg 8|/ zh pd| ghgxfh
wkh lpsolhg glylghqg _|EA � dw wlph | iru d pdwxulw| A xvlqj wkh duelwudjh uhodwlrq
ehwzhhq 8| dqg 7|

8| ' eEo|EA �3_|EA ��EA3|�7| +67,

Vlqfh FDF 73 rswlrqv gdwd frqwdlqv pdq| plvvsulfhg sulfhv/ rqfh qhhgv wr
�owhu wkh gdwd yhu| fduhixoo|1 Iluvw iroorzlqj Dòw0Vdkdold dqg Or +4<<;d,/ zh gurs
rswlrqv zlwk sulfh ohvv wkdq �*H1 Vhfrqg/ iru rxu vwxg|/ zh nhsw wkh prvw oltxlg
pdwxulw| zklfk xvxdoo| dsshduv wr eh wkh forvhvw wr 63 gd|v |lhog0wr0pdwxulw|1

Wdeoh 4 vkrzv vxppdu| vwdwlvwlfv ri wkh FDF 73 lqgh{ uhwxuq klvwrulfdo glv0
wulexwlrq1 Qhjdwlyh vnhzqhvv dqg srvlwlyh h{fhvv nxuwrvlv vkrz qrqqrupdolw| ri
klvwrulfdo glvwulexwlrq/ lpso|lqj d ohswrnxuwlf dqg vnhzhg glvwulexwlrq1 Vwdwlvwlf
` xvhg e| Mdutxh dqg Ehud +4<;3, wr frqvwuxfw d qrupdolw| whvw doorzv wr uhmhfw
qrupdolw| dw <8(1

Wkh Omxqj0Er{ +4<:;, vwdwlvwlf u�E2f� wr whvw khwhurvnhgdvwlflw| uhmhfwv wkh
krprvnhgdvwlflw| iru wkh vtxduh uhwxuqv1 Wkh Omxqj0Er{ +4<:;, vwdwlvwlf u�SE2f�
fruuhfwhg iru khwhurvnhgdvwlflw| frpsxwhg zlwk 2f odjv doorzv wr ghwhfw dxwr0
fruuhodwlrq uhwxuqv1 Glherog +4<;;, vxjjhvwv d Omxqj0Er{ vwdwlvwlf fruuhfwhg iru
khwhurvnhgdvwlflw| u�S1 Zh qrwlfh wkdw dxwrfruuhodwlrq ri vtxduhg uhwxuqv lv vlj0
ql�fdqwo| kljkhu wkdq dxwrfruuhodwlrq ri uhwxuqv/ zklfk lpsolhv wkdq odujh fkdqjhv
whqg wr eh iroorzhg e| odujh fkdqjhv/ ri hlwkhu vljq1

Wdeoh 4 = Ghvfulswlyh vwdwlvwlfv ri wkh FDF 73 gdlo| lqgh{ uhwxuq iru wkh
shulrg iurp Mdqxdu| 4<<8 wr Mxqh 4<<:1 Wdeoh 4 vkrzv vhyhudo vwdwlvwlfv ghvfulelqj
uhwxuqv vhulhv= phdq/ vwdqgdug ghyldwlrq/ vnhzqhvv dqg h{fhvv nxuwrvlv1 u�E2f�
lv wkh Omxqj0Er{ vwdwlvwlf wr whvw khwhurvnhgdvwlflw|1 4E�� lv wkh dxwrfruuhodwlrq ri
rughu �1 u�SE2f� lv wkh Omxqj0Er{ vwdwlvwlf fruuhfwhg iru khwhurvnhgdvwlflw| iru wkh
qxoolw| whvw ri wkh 2f �uvw dxwrfruuhodwlrqv ri uhwxuqv1 Xqghu qxoolw| k|srwkhvlv/
wklv vwdwlvwlf lv glvwulexwhg dv �2 zlwk 2f ghjuhhv ri iuhhgrp1 ` lv wkh Mdutxh
dqg Ehud +4<;3, vwdwlvwlf wkdw doorzv wr whvw iru qrupdolw|:1

:Mdutxh dqg Ehud*v vwdwlvwlf lv edvhg rq hpslulfdo vnhzqhvv/ fvn dqv nxuwrvlv enw jlyhq e|=

fvn @
4

Q

SQ
n@4 +{n�w � {,

6

v6
/ enw @ 4

Q

SQ
n@4 +{n�w � {,

7

v5

zkhuh fvn dqg enw uhsuhvhqw uhvshfwlyho| wkh hpslulfdo phdq dqg hpslulfdo vwdqgdug ghyldwlrq1
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f�*�bbD wr fS*�bb.
%| %2|

Qxpehu ri revhuydwlrqv SDf SDf
Phdq f�Sf �f3� f�bb �f3e

Vwdqgdug Ghyldwlrq ��ff �f32 f��S �f3�

Vnhzqhvv �f��S� ��b��
H{fhvv nxuwrvlv f�b2H 2��2fD
u�E2f� 2S�.ef eb��SS
4E�� �f�f�f f�f�f
4ED� �f�fH� �f�f��
4E�f� �f�f�� f�fb2
4E2f� �f�f22 f�f.f
u�SE2f� 2S�Sb2 2D��H2
` 2S��.H ��H�S�DS�

715 Hvwlpdwlrqv* surfhgxuhv

D qrqolqhdu ohdvw vtxduhv phwkrg lv lpsohphqwhg wr hvwlpdwh ulvn qhxwudo sdudp0

hwhuv1 Dw hdfk gdwh |/ wkh qrqolqhdu ohdvw vtxduhg hvwlpdwru +QOOVH, eqW�uu7. '
ij|c K�c|c Kec|c ��c|c �2c|j lv rewdlqhg vr wkdw lw plqlpl}hv wkh glvwdqfh ehwzhhq re0
vhuyhg dqg wkhruhwlfdo lpsolhg yrodwlolwlhv frpsxwhg zlwk Khuplwh sro|qrpldov*
prgho + jEV� iru revhuyhg rqhv dqg jKHU� iru wkhruhwlfdo rqhv,=

eqW�uu7. ' @h} 4�?
qWMXW

6S[
�'�

�
jEV� � jKHU� EqW�

�2
c +68,

zkhuh6� ghqrwhv wkh qxpehu ri revhuyhg fdoo rswlrqv dw gdwh |/XW ' EUncGc dfc�oc dfc �o�
zkhuh G lv wkh grpdlq ri +K�c|c Kec|, iru zklfk +58, uhpdlqv srvlwlyh iru doo 5 +vhh
�jxuh 6,1

Vxemhfwlyh prgho +5<,0+64, lv hvwlpdwhg e| pd{lpxp olnholkrrg phwkrg1 Wkh
orj0olnholkrrg ixqfwlrq u ri % ' E%�c ���c %�{� �3 lv jlyhq e| =

uE%(q� '

�[
&'�

u&{�E%&{�� +69,

zkhuh u&{� lv wkh orj0olnholkrrg ixqfwlrq ri %&{� 1

Zh qrwh e| w4 dqg w5/ wkh iroorzlqj vwdwlvwlfv=

w4 @

v
Q
fvn5
9

/ w5 @

v
Q

+ enw� 6,5

57
=

Xqghu wkh qxo k|srwkhvlv ri qrupdolw|/ Z @ w54 . w55 dv|pswrwlfdoo| iroorzv d "5+5,1
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Wkh pd{lpxp olnholkrrg hvwlpdwru +POH,/ eq�u. ' ikfc k�c q�j lv rewdlqhg
vr wkdw lw pd{lpl}hv wkh iroorzlqj rswlpl}dwlrq sureohp;=

eq�u. ' @h}4@ 
qMX

duE%(q�o c +6:,

zkhuh X ' EUcUcU�1
Wr �qg wkh lpsolhg frh!flhqw ri ulvn dyhuvlrq b|/ rqh fdq vroyh=

b| ' 4�?
bMUn

�[
o'�

�
RKHU�| E7o�

RKHU| E7o�
� ^KHU�| E7o�

^KHU| E7o�
� b

7o

�
c +6;,

zkhuh � lv d frqvwdqw dqg 7oc o ' �c ���c� lv d udqjh ri srlqwv durxqg wkh
xqghuo|lqj dw gdwh |/ 7|1

716 Hpslulfdo uhvxowv

Lq wklv vhfwlrq/ zh dqdo|}h hpslulfdo uhvxowv1
Lq �jxuh +7d,0+7e,/ zh vkrz wzr hvwlpdwhg ulvn qhxwudo ghqvlwlhv iru wkh gdwhv

Pd| 4<<8/ 8wk zlwk pdwxulw| ri 89 gd|v dqg Mxo| 4<<9/ 58wk zlwkpdwxulw| 69 gd|v1
Wkh �uvw rqh fruuhvsrqgv wr d vr fdoohg djlwdwhg gdwh gxulqj Iuhqfk Suhvlghqwldo
Hohfwlrqv dqg wkh vhfrqg fruuhvsrqgv wr d txlhw gdwh1 Zh qrwlfh wkdw dv|pphwu|
lv kljkhu iru wkh �uvw rqh1

Wkh gdlo| wlph vhulhv iru wkh hvwlpdwhv ri wkh sdudphwhuv lq d ulvn qhxwudo
zruog duh vkrzq lq �jxuh +8d,0+9e,1

Zh qrwlfh wkdw lpsolhg yrodwlolwlhv jlyhq e| Khuplwh sro|qrpldov* prgho lq �j0
xuh +8d, dsshdu wr eh odujhu wkdq wkrvh rewdlqhg iurp Eodfn dqg Vfkrohv prgho lq
�jxuh +8e, zklfk vhhpv wr lpso| wkdw Eodfn0Vfkrohv yrodwlolwlhv duh xqghuydoxhg1
Wkh gl�huhqw slfnv dw wkh ehjlqqlqj ri wkh shulrg pd| frph iurp wkh idfw wkdw
FDF 73 rswlrqv duh pxfk ohvv oltxlg gxulqj 4<<8 wkdq 4<<91 Zh wxuq wr pdu0
nhw sulfhv ri vnhzqhvv K� lq �jxuh +9d,> wklv odwwhu lv vljql�fdqwo| gl�huhqw iurp
}hur gxulqj wkh zkroh shulrg1 Sdudphwhu K� jlyhv vrph lqirupdwlrq derxw wkh
vnhzqhvv ri wkh glvwulexwlrq zkhq sdudphwhu Ke jlyhv lqirupdwlrq derxw wkh h{0
fhvv nxuwrvlv zklfk lv vljql�fdqwo| srvlwlyh1 Wkh vnhzqhvv dsshduv wr eh qhjdwlyh
dorqj doprvw doo wkh shulrg zklfk lqglfdwhv wkdw lqyhvwruv dqwlflsdwh d ghfuhdvh
pruh riwhq wkdq dq lqfuhdvh lq wkh xqghuo|lqj lqgh{1 Zh qrwlfh irxu djlwdwhg
vxe0shulrgv1 Wkh �uvw rqh fruuhvsrqgv wr Iuhqfk suhvlghqwldo hohfwlrqv ri Pd|
4<<81 Wkh vhfrqg rqh dqg wkh wklug rqh uhvshfwlyho| lq Pd| 4<<9 dqg Iheuxdu|
4<<: duh qrw dv vr fohdu dqg pd| eh gxh wr shuwxuedwlrq lq X1V1 pdunhw1 Wkh
odwhvw lv wkh Iuhqfk vqds hohfwlrqv ri Pd| 4<<:1

Gxulqj wkhvh shulrg/ pdunhw vhhpv wr eh djlwdwhg zklfk fdq eh vhhq lq wkh
nxuwrvlv1 Lw jlyhv dq lghd derxw h{wuhph hyhqwv1

;Hvwlpdwlrqv kdyh ehhq grqh zlwk wkh vriwzduh JDXVV xvlqj Rswpxp urxwlqh1
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Iljxuh : vkrzv Phdq Vtxduh Huuruv +PVH, ri sdudphwhuv<1 Doo PVH dsshdu
wr eh ohvv wkdq H��f32/ wkdw lv txlwh vdwlvi|lqj dqg frq�upv wkh fkrlfh ri wkh
phwkrg1 Rwkhu surshuwlhv ri wkh phwkrg lv wkdw lw lv frpsxwdwlrqdoo| idvw dqg lw
pd| wdnh lqwr dffrxqw srvvleoh gluw| gdwd1 Hpslulfdo uhvxowv ri wkhvh surshuwlhv
fdq eh irxqg lq Frxwdqw/ Mrqghdx dqg Urfnlqjhu +4<<;,1

Lq rughu wr vkrz wkh frqvlvwhqfh ri wkh prgho/ zh vkrz lq wdeoh 5 hvwlpdwhg
sdudphwhuv ri wkh prgho xqghu wkh wuxh suredelolw| zkhq sdudphwhuv duh vxssrvhg
wr eh frqvwdqw1 Yrodwlolw| sdudphwhu lv kljkhu wkdq dyhudjh yrodwlolw| hvwlpdwhg
lq d ulvn qhxwudo zruog1 Sdudphwhu Ke lv vljql�fdqwo| gl�huhqw iurp }hur zklfk lv
qrw wkh fdvh ri K�1

Lq wdeoh 6/ hvwlpdwlrq ri prgho +5<,0+63, lv suhvhqwhg1 Doo sdudphwhuv dsshdu
wr eh vljql�fdqw dqg wkh gdlo| wlph vhulhv ri hvwlpdwhg guliw >&{� / & ' �c ���c �
iurp +64, zlwk ydoxhv ri wdeoh 6 lv jlyhq e| �jxuh ;1

Wdeoh 5= Hvwlpdwlrq ri wkh prgho +5<,0+63, zkhq sdudphwhuv E>|c j|c K�c|c Kec|� '
E>c jc K�c Ke� duh vxssrvhg wr eh frqvwdqw=

> j K� Ke
EV f��b2 f��S�

E��HbH� E2b�SHe�
Khuplwh f��HS f��Db �f�ff� f��..

E��.fH� E2b�2e.� E�f��b�� E���bb�

Wdeoh 6= Hvwlpdwlrq ri wkh wlph ydu|lqj guliw >| lq +64,=

kf k� q�
�f���� f�eH� f�2bS
E����S�� 2��.. D�fS.

Iljxuh +;, vkrzv Devroxwh Ulvn Dyhuvlrq ixqfwlrqv iru vhyhudo gd|v1 Iluvw gdwh
lv Iheuxdu| 4<<8/ 5;wk/ dqg FDF 73 prghudwho| urvh gxulqj wklv prqwk= lpsolhg
ulvn dyhuvlrq frh!flhqw b| ' e�bbb lv udwkhu kljk1 Vhfrqg gdwh lv Dsulo 4<<8/ 5;wk/
wkh lqgh{ lpsuryhg vlqfh plg0Pdufk dqg b| ' ��fD�1 Wkh gdwh Mxo| 4<<9/ 48wk

<PVH dw gdwh w lv fdofxodwhg dv iroorz=

PVHw @
4

pf �p�

p
f[

l@4

�
�EVl � �KHUl +f��w ,�5 >

zlwk wkh qrwdwlrqv xvhg lq +68,/ p� lv wkh qxpehu ri sdudphwhuv wr hvwlpdwh dqg f��w lv wkh
yhfwru ri hvwlpdwhg sdudphwhuv dw gdwh w1
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vhhv d vkruw gurs ri wkh FDF 73/ b| ' ���efe lv yhu| kljk1 Ilqdoo| odvw gdwh wdnhv
sodfh rq wkh Qryhpehu 4<<9/ 46wk gxulqj d vljql�fdqw jurzwk ri wkh xqghuo|lqj
dqg b| ' ���f�1 Zh pd| frqfoxgh iurp wkhvh revhuydwlrqv wkdw lqyhvwru*v ulvn
dyhuvlrq vxevwdqwldoo| ghshqgv rq wkh lqgh{*v hyroxwlrq1 Zkhq FDF 73 jrhv xs/
lqyhvwruv kdyh d prghudwh ulvn dyhuvlrq/ hyhq wkh| duh qhduo| ulvn qhxwudo iru
Qryhpehu 4<<9/ 46wk1

Iljxuh +<, uhsuhvhqwv wkh ulvn dyhuvlrq ohyho rewdlqhg zlwk +6;,1

8 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh hpslulfdoo| lqyhvwljdwhg lqyhvwruv* ulvn dyhuvlrq frh!flhqw
lpsolhg lq rswlrqv sulfhv1 Zh vkrzhg wkdw wklv odwwhu frxog eh hvwlpdwhg e|
wkh nqrzohgjh ri d frpelqdwlrq ri lqirupdwlrq xqghu ulvn qhxwudo dqg vxemhfwlyh
suredelolwlhv1

Zh kdyh irfxvhg rq FDF 73 lqgh{ rswlrqv/ dqg zh kdyh vxssrvhg FUUD
xwlolw| ixqfwlrqv dqg dq Khuplwh sro|qrpldo h{sdqvlrq iru ulvn qhxwudo dqg vxe0
mhfwlyh ghqvlwlhv1 Wklv prgho kdv wkh dgydqwdjh wr jlyh gluhfwo| wkh vnhzqhvv
dqg wkh nxuwrvlv lq dgglwlrq wr qxphulfdo surshuwlhv1 Zh �uvw hvwlpdwhg Khuplwh
sro|qrpldov* prgho xqghu d ulvn qhxwudo suredelolw| xvlqj rswlrqv sulfhv/ dqg vhf0
rqg lqmhfwhg ulvn0qhxwudo sdudphwhuv rewdlqhg lq dq htxlydohqw glvfuhwl}hg prgho
xqghu d vxemhfwlyh suredelolw|1 Zh wkhq xvhg wlph vhulhv ri wkh FDF 73 lqgh{
wr hvwlpdwh wkh vxemhfwlyh ghqvlw|1 D uhodwlrq ehwzhhq ghqvlwlhv dqg wkhlu ghulyd0
wlyhv doorzhg xv wr frpsxwh doo devroxwh ulvn dyhuvlrq ixqfwlrqv rq wkh shulrg iurp
4<<8 wr 4<<91 Ulvn dyhuvlrq ixqfwlrq dsshduhg wr eh wlph ydu|lqj dqg lqyhvwruv*
ulvn dyhuvlrq lv yhu| vhqvlwlyh wr wkh zd| xqghuo|lqj dvvhw hyroxwhv1 Ulvn Dyhuvlrq
frh!flhqw lv d jrrg wrro wr whvw pdunhw0pdnhuv uhdfwlrqv wr sduwlfxodu hyhqwv ru
dqqrxqfhphqwv1

Vrph ixwxuh vwxglhv frxog wxuq rq frpsdulqj uhvxowv iurp vhyhudo lqyhvwru*v
suhihuhqfhv fkrlfhv dqg dqrwkhu nlqg ri ulvn/ vr wkdw yrodwlolw| ulvn iru h{dpsoh1
Lq d ixwxuh uhvhdufk/ zh zloo irfxv rq prghoolqj wkh ulvn dyhuvlrq frh!flhqw lq
rughu wr iruhfdvw wkh wuxh ghqvlw|1
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wkh ulvn qhxwudo glvwulexwlrq ri #A lv=

ĥKHU| E5� ' ?E5��ME5�c

zkhuh �ME�� lv jlyhq e| +5:, dqg ?E5� lv wkh Jdxvvldq glvwulexwlrq zlwk phdq f
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�ME5� ' fc
� �

ME5� ' fc
+77,

zlwk

� �

ME5� '
��
�
M2E5� n

�e
S
M�E5��
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Wkh| �qg wkdw vroylqj wkh sureohp jlyhv h{solflwo| �� dqg �2 dv d ixqfwlrq ri
5=

��E5� ' �2eM�E5�

_E5�
c

�2E5� ' .2
M2E5�

_E5�
c

zlwk

_E5� ' eM2
�E5�� �M2E5�MeE5��

Diwhu vrph ghpdqglqj fdofxoxv/ Mrqghdx dqg Urfnlqjhu +4<<<, �qg qxphu0
lfdoo| dqg dqdo|wlfdoo| wkdw wkh dxwkrul}hg grpdlq iru �� dqg �2 lv d vwhdg|/
frqwlqxrxv dqg frqfdyh fxuyh1 Wkh grpdlq iru K� dqg Ke lv jlyhq e| �jxuh 6
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Fdswlrqv

Iljxuh 4d= Gdlo| FDF 73 lqgh{ ryhu wkh shulrg Mdqxdu| 4<<8 wr Mxo| 4<<:1
Iljxuh 4e= Gdlo| FDF 73 lqgh{ uhwxuqv ryhu wkh shulrg Mdqxdu| 4<<8 wr

Mxo| 4<<:1
Iljxuh 5d= FDF 73 yrodwlolw| vploh iru wkh gdwh 3823824<<8 dqg wkh pdwxulw|

89 gd|v1
Iljxuh 5e= FDF 73 yrodwlolw| vploh iru wkh gdwh 5823:24<<9 dqg wkh pdwxulw|

69 gd|v1
Iljxuh 6= Grpdlq dxwkrul}hg e| wkh vnhzqhvv dqg wkh nxuwrvlv iru srvlwlylw|

frqvwudlqw ri dq Khuplwh sro|qrpldov* ghqvlw|
Iljxuh 7d= Ulvn qhxwudo ghqvlw| iru wkh FDF 73 frpsxwhg zlwk Khuplwh

sro|qrpldov iru wkh gdwh 3823824<<8 dqg wkh pdwxulw| 89 gd|v1
Iljxuh 7e= Ulvn qhxwudo ghqvlw| iru wkh FDF 73 frpsxwhg zlwk Khuplwh

sro|qrpldov iru wkh gdwh 5823:24<<9 dqg wkh pdwxulw| 69 gd|v1
Iljxuh 8d= Hvwlpdwlrq ri sdudphwhu j| lq Khuplwh*v prgho xqghu wkh ulvn

qhxwudo suredelolw|1
Iljxuh 8e= Hvwlpdwlrq ri lpsolhg Eodfn*v yrodwlolwlhv xqghu wkh ulvn qhxwudo

suredelolw|1
Iljxuh 9d= Hvwlpdwlrq ri sdudphwhu K�c| lq Khuplwh*v prgho xqghu wkh ulvn

qhxwudo suredelolw|1
Iljxuh 9e= Hvwlpdwlrq ri sdudphwhu Kec| lq Khuplwh*v prgho xqghu wkh ulvn

qhxwudo suredelolw|1
Iljxuh := Phdq Vtxduhv Huuruv iru wkh hvwlpdwlrq ri ulvn qhxwudo sdudphwhuv

lq Khuplwh*v prgho1
Iljxuh ;= Judskv ri lpsolhg devroxwh ulvn dyhuvlrq ixqfwlrqv iru wkh gdwhv

5;23524<<8/ 5;23724<<8/ 4823:24<<9 dqg 4624424<<91
Iljxuh <= Lpsolhg ulvn dyhuvlrq*v frh!flhqwv iru wkh shulrg Mdqxdu| 4<<8 wr

Mxo| 4<<:1
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Uhihuhqfhv

^4` Denhq/ S1D1/ G1 Pdgdq dqg V1 Udpdpxuwlh +4<<9,/ �Hvwlpdwlrq ri Ulvn Qhx0
wudo Ghqvlwlhv e| Khuplwh Sro|qrpldo Dssur{lpdwlrq= Zlwk dq Dssolfdwlrq
wr Hxurgroodu Ixwxuh Rswlrqv�/ Ihghudo Uhvhuyh Edqn ri Dwodqwd/ Zrunlqj
Sdshu <9081

^5` Dòw0Vdkdold/ \1 hw D1Z1 Or +4<<;d,/ �Qrqsdudphwulf Hvwlpdwlrq ri Vwdwh0
sulfh Ghqvlwlhv Lpsolflw lq Ilqdqfldo Dvvhw Sulfhv�/ Mrxuqdo ri Ilqdqfh/ 86/
7<<087:1

^6` Dòw0Vdkdold/ \1 hw D1Z1 Or +4<<;e,/ �Qrqsdudphwulf Ulvn Pdqdjhphqw dqg
Lpsolhg Ulvn Dyhuvlrq�/ Zrunlqj sdshu/ Xqlyhuvlw| ri Fklfdjr/ iruwkfrplqj
lq Mrxuqdo ri Hfrqrphwulfv1

^7` Edkud/ E1/ +4<<9,/ �Suredelolw| Glvwulexwlrqv ri Ixwxuhv Dvvhw Sulfhv Lpsolhg
e| Rswlrq Sulfhv�/ Edqn ri Hqjodqg Txduwhuo| Exoohwlq/ 5<<06441

^8` Edolwvndld/ H1R1 dqg O1D1 ]rorwxklqd +4<;;,/ �Rq wkh Uhsuhvhqwdwlrq ri d
Ghqvlw| e| dq Hgjhzruwk Vhulhv�/ Elrphwulnd/ :8+4,/ 4;804;:1

^9` Edwhv/ G1 V1 +4<<4,/ �Wkh Fudvk ri *;:= Zdv lw H{shfwhgB Wkh Hylghqfh
Iurp Rswlrqv Pdunhwv�/ Mrxuqdo ri Ilqdqfh/ 79+6,/ 433<043771

^:` Edwhv/ G1 V1 +4<<9e,/ �Mxpsv dqg Vwrfkdvwlf Yrodwlolw|= H{fkdqjh Udwh
Surfhvvhv Lpsolflw lq Ghxwvfkh Pdun Rswlrqv�/ Uhylhz ri Ilqdqfldo Vwxglhv/
<+4,/ 9<043:1

^;` Eodfn/ I1 dqg P1 Vfkrohv +4<:6,/ �Wkh Sulflqj ri Rswlrqv dqg Frusrudwh
Oldelolwlhv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;4+6,/ 96:09871

^<` Euhhghq/ G1W1/ dqg U1K1 Olw}hqehujhu +4<:;,/ �Sulfhv ri Vwdwh0frqwlqjhqw
Fodlpv Lpsolflw lq Rswlrq Sulfhv�/ Mrxuqdo ri Exvlqhvv/ 84+7,/ 95409841

^43` Fdpsd/ M1/ S1K1N1 Fkdqj dqg U1O1 Uhlghu +4<<:e,/ �Lpsolhg H{fkdqjh Udwh
Glvwulexwlrqv= Hylghqfh iurp RWF Rswlrqv Pdunhwv�/ QEHU Zrunlqj Sd0
shu Q�S�.b1

^44` Fkhvqh|/ P1 dqg O1 Vfrww +4<;<,/ �Sulflqj Hxurshdq Fxuuhqf| Rswlrqv= d
Frpsdulvrq ri wkh Prgl�hg Eodfn0Vfkrohv Prgho dqg d Udqgrp Yduldqfh
Prgho�/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 57/ 59:05;71

^45` Fr{/ M1F1/ M1L1 Lqjhuvroo dqg V1D1 Urvv +4<;8e,/ �D Wkhru| ri wkh Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv�/ Hfrqrphwulfd/ 86+5,/ 6;8073:1
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^46` Frxwdqw/ V1/ H1 Mrqghdx dqg P1 Urfnlqjhu +4<<;,/ �Uhdglqj Lqwhuhvw Udwh
dqg Erqg Ixwxuh Rswlrqv* Vplohv Durxqg wkh 4<<: Iuhqfk Vqds Hohfwlrq�/
FHSU q�2f�f1

^47` Ghupdq/ H1/ dqg L1 Ndql +4<<7,/ �Ulglqj rq d Vploh�/ ULVN/ :/ 6506<1

^48` Glherog/ I1[1 +4<;;,/ Hpslulfdo Prgholqj ri H{fkdqjh Udwh G|qdplfv/
Vsulqjhu0Yhuodj/ Qhz0\run1

^49` Gxsluh/ E1 +4<<7,/ �Sulflqj zlwk d Vploh�/ ULVN/ :/ 4;0531

^4:` Hqjoh/ U1I1 +4<;5,/ �Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| zlwk Hv0
wlpdwhv ri wkh Yduldqfh ri wkh Xqlwhg Nlqjgrp Lq dwlrq�/ Hfrqrphwulfd/ 83/
<;:0433;1

^4;` Kduulvrq/ M1P1 dqg G1 Nuhsv +4<:<,/ �Pduwlqjdohv dqg Duelwudjh lq Pxowl0
shulrg Vhfxulwlhv Pdunhwv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 53/ 6;4073;1

^4<` Kxoo/ M1F1/ dqg D1G1 Zklwh +4<;:,/ �Wkh Sulflqj ri Rswlrqv rq Dvvhwv zlwk
Vwrfkdvwlf Yrodwlolwlhv�/ Mrxuqdo ri Ilqdqfh/ 75+5,/ 5;406331

^53` Khvwrq/ V1O1 +4<<6,/ �D Forvhg0irup Vroxwlrq iru Rswlrqv rq Dvvhwv zlwk
Vwrfkdvwlf Yrodwlolw| zlwk Dssolfdwlrq wr Erqg dqg Fxuuhqf| Rswlrqv�/ Uh0
ylhz ri Ilqdqfldo Vwxglhv/ 9+5,/ 65:06761

^54` Mdfnzhuwk/ M1F1 +4<<9,/ �Uhfryhulqj Ulvn Dyhuvlrq iurp Rswlrq Sulfhv dqg
Uhdol}hg Uhwxuqv�/ Zrunlqj sdshu/ Orqgrq Exvlqhvv Vfkrro1

^55` Mdutxh/ F1P1 dqg D1N1 Ehud +4<;3,/ �H!flhqw Whvw ri Qrupdolw|/ Kr0
prvfhgdvwlflw| dqg Vhuldo Lqghshqghqfh ri Uhjuhvvlrq Uhvlgxdov�/ Hfrqrplf
Ohwwhuv/ 9/ 588058<1

^56` Mduurz/ U1 dqg D1 Uxgg +4<;5,/ �Dssur{lpdwh Ydoxdwlrq iru Duelwudu|
Vwrfkdvwlf Surfhvvhv �/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 43+6,/ 67<069<1

^57` Mrqghdx/ H1 dqg P1 Urfnlqjhu +4<<;,/ �Uhdglqj wkh Vploh= Wkh Phvvdjh
Frqyh|hg e| Phwkrgv zklfk Lqihu Ulvn Qhxwudo Ghqvlwlhv1�/ FHSU q�2ffb1

^58` Mrqghdx/ H1 dqg P1 Urfnlqjhu +4<<<,/ �Hvwlpdwlqj Judp0Fkduolhu H{sdq0
vlrqv zlwk Srvlwlylw| Frqvwudlqwv�/ Edqtxh gh Iudqfh/ QHU q�DS1

^59` Oxfdv/ U1 +4<:;,/ �Dvvhw Sulfhv lq H{fkdqjh Hfrqrp|�/ Hfrqrphwulfd/ 79/
475<047791

^5:` Omxqj/ J1 dqg J1 Er{ +4<:;,/ �Rq d Phdvxuh ri Odfn ri Ilw lq Wlph Vhulhv
Prghov�/ Elrphwulnd/ 99/ 9:0:51
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^5;` Pdgdq/ G1E1/ dqg I1 Ploqh +4<<7,/ �Frqwlqjhqw Fodlpv Ydoxhg dqg Khgjhg
e| Sulflqj dqg Lqyhvwlqj lq d Edvlv�/ Pdwkhpdwlfdo Ilqdqfh/ 7/ 55605781

^5<` Pholfn/ Z1U1 dqg F1S1 Wkrpdv +4<<:,/ �Uhfryhulqj dq Dvvhw*v Lpsolhg SGI
iurp Rswlrqv Sulfhv= dq Dssolfdwlrq wr Fuxgh Rlo Gxulqj wkh Jxoi fulvlv�/
Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 65/ <404491

^63` Phuwrq/ U1 +4<9<,/ �Olihwlph Sruwirolr Vhohfwlrq Xqghu Xqfhuwdlqw|= wkh
Frqwlqxrxv0wlph Fdvh�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 84/ ;7:0;8:1

^64` Phuwrq/ U1 +4<:4,/ �Rswlpxp Frqvxpswlrq dqg Sruwirolr Uxohv lq d Frq0
wlqxrxv Wlph Prgho�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 6/ 6:607461

^65` Sudww/ M1Z1 +4<97,/ �Ulvn Dyhuvlrq lq wkh Vpdoo dqg lq wkh Odujh�/ Hfrqr0
phwulfd/ 65/ 45504691

^66` Uxelqvwhlq/ P1 +4<<7,/ �Lpsolhg Elqrpldo Wuhhv�/ Mrxuqdo ri Ilqdqfh/ 9</
::40;4;1

^67` Vklpnr/ G1 +4<<6,/ �Erxqgv ri Suredelolw|�/ Ulvn/ 9+7,/ 670691
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