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I) IN T R O D U C T I O N

I t  i s  g e n e r a l l y  a c k n o w l e d g e d  t h a t  t h e  D o r n b u s c h 2 s t i c k y  p r i c e  m o n e t a r i s t

m o d e l  —  a l s o  c a l l e d  o v e r s h o o t i n g  m o d e l  —  r e p r e s e n t s  a  m a j o r  c o n t r i b u t i o n

t o  e x c h a n g e  r a t e  t h e o r y  i n  t h e  s e n s e  t h a t  d e p a r t u r e s  f r o m  p u r c h a s i n g  p o w e r

p a r i t y  a n d  v o l a t i l e  c u r r e n c y  l e v e l s  c a n  b e  e x p l a i n e d  r a t i o n a l l y .

C o n v e r s e l y ,  i t  i s  a l s o  a d v o c a t e d  t h a t  t h e  m o d e l  e x h i b i t s  s e v e r a l  s h o r t co -

m i n g s .   H .  B o u r g u i n a t 3 q u o t e s  t h a t  a  w e i g h t e d  a v e r a g e  o f  d o m e s t i c  a n d

i m p o r t  p r i c e s  w o u l d  h a v e  b e e n  a  m o r e  a p p r o p r i a t e  d e f l a t o r  b u t  w o u l d  h a v e

w e a k e n e d  D o r n b u s c h ’ s  r e s u l t s .   H e  a l s o  p o i n t s  o u t  t h a t  d o m e s t i c  a g e n t s

d o n ’ t  h o l d  e x t e r n a l  m o n e y  b a l a n c e s ,  w h i c h  l i m i t s  t h e  s c o p e  o f  t h e  m o d e l .

H e  a s s e r t s  t h a t  a g e n t s  a r e  m o r e  a n d  m o r e  a b l e  t o  f o r e s e e  m o n e t a r y  s h o c k s

a n d  a d j u s t  a c c o r d i n g l y  t h e i r  u n d e r s t a n d i n g  o f  t h e  l o n g  r u n  m o n e t a r y  p a t h .

B u t  t h e  m o s t  f r e q u e n t  c r i t i q u e  i s  t h a t  D o r n b u s c h ’ s  m o d e l  d o e n s ’ t  p r o p e r l y

h a n d l e  i n f l a t i o n .   I n  a  c l a s s i c  a r t i c l e ,  J .  F r a n k e l 4 c o m b i n e s  s t i c k y  p r i c e s  w i t h

s e c u l a r  r a t e s  o f  i n f l a t i o n ,  a n d  f i n d s  t h a t  t h e  e x c h a n g e  r a t e  b e t w e e n  t w o

c o u n t r i e s  i s  d r i v e n  b y  t h e i r  r e a l  i n t e r e s t  r a t e s  d i f f e r e n t i a l ,  a n d  n o t  b y  t h e i r

n o m i n a l  o n e  a s  i n  D o r n b u s c h .

T h e  p u r p o s e  o f  t h i s  a r t i c l e  i s  t o  s h o w  t h a t  D o r n b u s c h ’ s  a n d  F r a n k e l ’ s  mo -

d e l s  a r e  i n  f a c t  i d e n t i c a l .   C o n s e q u e n t l y ,  t h e y  b r i n g  t h e  s a m e  r e s u l t s  a n d
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b e a r  t h e  s a m e  d r a w b a c k s .   P a r t  II  s e t s  u p  t h e  o v e r s h o o t i n g  m o d e l  i n  a  se-

c u l a r  i n f l a t i o n a r y  d u a l  f r a m e w o r k  b y  r e l a x i n g  t h e  t w o  o r i g i n a l  a s s u m p t i o n s

o f  c o n s t a n t  p r i c e s  a n d  s m a l l  c o u n t r y .   P a r t  III  s h o w s  t h a t  t h e  e x c h a n g e

r a t e  d i s e q u i l i b r i u m  d e p e n d s  o n  t h e  s a m e  r e a l  i n t e r e s t  r a t e  d i f f e r e n t i a l  a s

w i t h  F r a n k e l .   P a r t  IV  p o i n t s  o u t  t h e  m a i n  t h e o r e t i c a l  p i t f a l l  m e t  b y  b o t h

m o d e l s .

I I) THE  MO D E L

T h e  m o d e l  w e  d e v e l o p  h e r e  d r a w s  m u c h  o n  t h e  s t i c k y  p r i c e  m o d e l .   B u t

u n l i k e  D o r n b u s c h ,  w e  d o n ’ t  a s s u m e  t h a t  t h e  d o m e s t i c  c o u n t r y  i s  s m a l l ,  s o

t h a t  t h e  r e s t  o f  t h e  w o r l d ,  r e p r e s e n t e d  a s  a  f o r e i g n  c o u n t r y ,  f a c e s  c o m pa -

r a b l e  m o n e y  a n d  g o o d s  m a r k e t s .   F u r t h e r m o r e ,  w e  w i l l  n o t  s u p p o s e  t h a t  t h e

e x o g e n e o u s  v a r i a b l e s  a r e  c o n s t a n t .   H o w e v e r  i n v e s t o r s  w i l l  s t i l l  b e  i n d i f -

f e r e n t  b e t w e e n  h o m e  a n d  a b r o a d  i n  t h e i r  m o n e y  l e n d i n g  o r  b o r r o w i n g  be-

c a u s e  t h e y  a r e  s u p p o s e d  n e u t r a l  w i t h  r e s p e c t  t o  t h e  r i s k  o f  c u r r e n c y  d e p r e-

c i a t i o n .

II.1 Uncovered Interest Parity

C a p i t a l  i s  p e r f e c t l y  m o b i l e  s o  t h a t  i n v e s t o r s  c a n  i n s t a n t l y  a l t e r  t h e  c o m -

p o s i t i o n  o f  t h e i r  i n t e r n a t i o n a l  i n v e s t m e n t s .   B e s i d e s  t h e y  r e g a r d  d o m e s t i c

a n d  f o r e i g n  i n t e r e s t  b e a r i n g  a s s e t s ,  t h a t  w e  w i l l  n a m e  b o n d s ,  a s  e q u a l l y  r i s -

k y .   B e c a u s e  i n  o u r  s i m p l e  f r a m e w o r k  t h e r e  i s  o n e  h o r i z o n  l e n g t h ,  o n e  n a t i o -

n a l  r a t e  a n d  o n e  n a t i o n a l  i s s u e r ,  e q u a l  r i s k i n e s s  b o i l s  d o w n  t o  i n v e s t o r s ’  r i s k

n e u t r a l i t y  w i t h  r e s p e c t  t o  e x c h a n g e  r a t e  v o l a t i l i t y .   H e n c e  w e  c a n  s a y  t h a t

d o m e s t i c  a n d  f o r e i g n  b o n d s  a r e  p e r f e c t  s u b s t i t u t e s .   T h i s  y i e l d s  t h e  f o l l o -

w i n g  r e l a t i o n s h i p :

r  =  r *  +  E ( x ) ( 1 )

w h e r e  r  a n d  r *  a r e  t h e  d o m e s t i c  a n d  f o r e i g n  n o m i n a l  i n t e r e s t  r a t e s ,  a n d

E ( x )  i s  t h e  e x p e c t e d  d e p r e c i a t i o n  r a t e  o f  t h e  d o m e s t i c  c u r r e n c y .

I f  e  i s  t h e  l o g  o f  t h e  e x c h a n g e  r a t e  o f  t h e  d o m e s t i c  c u r r e n c y ,  i . e .  t h e  do -

m e s t i c  p r i c e  o f  o n e  u n i t  o f  f o r e i g n  c u r r e n c y ,  E ( x )  c a n  b e  exp r e s s e d  a s
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E ( x )  =  E (
dt
de

)  =  E ( e )

p r o v i d e d  t h a t  t h e  i n t e r e s t  r a t e s  a r e  i n s t a n t a n e o u s .

( 1 )  i s  k n o w n  a s  t h e  U n c o v e r e d  I n t e r e s t  P a r i t y  ( U I P ) ,  a n d  d e r i v e s  i t s  q u a l i -

f i e r  u n c o v e r e d  f r o m  t h e  f a c t  t h a t  r i s k  n e u t r a l  i n v e s t o r s  d o n ’ t  h e d g e  —  c o v e r

—  t h e i r  f o r e i g n  b e l o n g i n g s .

U I P  h o l d s  c o n t i n u o u s l y  i n  t h e  m o d e l .

II.2 Purchasing Power Parity Departure and Expecta-

tions Formation

C o n t r a r y  t o  U I P ,  t h e  P u r c h a s i n g  P o w e r  P a r i t y  ( P P P )  h o l d s  o n l y  i n  t h e  l o n g

r u n .   I t  d o e s n ’ t  i n  t h e  s h o r t  b e c a u s e ,  f o r  e x a m p l e  a f t e r  a  m o n e t a r y  s h o c k ,

p r i c e s  a n d  w a g e s  a d j u s t  m u c h  s l o w e r  t h a n  t h e  e x c h a n g e  r a t e .

H e n c e  w e  f i r s t  n e e d  t o  p o s i t  ( a b s o l u t e )  P P P  i n  t h e  l o n g  r u n :

e  =  p  –  p * ( P P P )

w h e r e  e ,  p  a n d  p *  a r e  t h e  l o g s  o f  t h e  e q u i l i b r i u m  s p o t  r a t e ,  p r i c e  a t  h o m e

a n d  p r i c e  a b r o a d .   N o t e  t h a t  e ,  p  a n d  p *  a r e  n o t  h e l d  c o n s t a n t  a s  i n  D o r n -

b u s c h ,  a n d  a r e  i m p l i c i t l y  i n d e x e d  w i t h  t i m e ,  i . e .  e t ,  p t  a n d  
∗
tp .

D i f f e r e n t i a t i n g  ( P P P )  p r o v i d e s :

x  =  Π  –  Π *

( P P P ’ )

w h e r e  x  =  e& ,  Π  =  p& ,  a n d  Π *  =  *p& .   T h i s  m e a n s  t h a t  t h e  c u r r e n c y  d e p r e c i a -

t i o n  i s  e q u a l  t o  t h e  i n f l a t i o n  d i f f e r e n t i a l .

A l t h o u g h  x ,  Π  a n d  Π *  n e e d  n o t  b e  c o n s t a n t ,  i t  m a y  b e  u s e f u l  t o  l o o k  a t

t h e  s t a t i o n a r y  c a s e  w h e r e  e ,  p  a n d  p *  e v o l v e  a t  c o n s t a n t  g r o w t h  r a t e s  t o

b e t t e r  u n d e r s t a n d  h o w  t h e y  c a n  b e  n o n  c o n s t a n t  i n  t h e  l o n g  r u n .

N o w  s u p p o s e  t h a t  f o r  s o m e  r e a s o n  P P P  i s  v i o l a t e d .   W e  c a n  m e a s u r e  t h e

d ep a r t u r e  f r o m  P P P  a s :

e  –  p  +  p *

w h i c h  i s  f r e q u e n t l y  c a l l e d  t h e  P P P  g a p  o r  r e a l  e x c h a n g e  r a t e  o r  e l s e  t e r m s

o f  t r a d e ,  a n d  t h a t  c a n  b e  e x p r e s s e d  w i t h  t h e  v a r i a b l e s ’  r a t e s  o f  i n c r e a s e :
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x  –  Π  +  Π *

W e  p o s t u l a t e  t h a t  i n  t h e  l o n g  r u n  t h e  e c o n o m y  i s  s t a b l e  a n d  P P P  g a p  va -

n i s h e s  t h r o u g h  t i m e  u n d e r  p r i c e  p r e s s u r e  f r o m  i m p o r t e d  g o o d s .

W e  t h e n  r e l a t e  t h e  s h o r t  t e r m  t r a c k  o f  t h e  e x c h a n g e  r a t e  t o  t h e  a n t i c i p a -

t e d  c l o s u r e  o f  P P P  g a p :

E ( x  –  Π  +  Π * )  =  θ ( e  –  e ) ( 2 )

T h e  l a r g e r  t h e  d e p a r t u r e  f r o m  P P P ,  t h e  w i d e r  t h e  s p r e a d  b e t w e e n  s p o t

a n d  e q u i l i b r i u m  r a t e s  —  w h i c h  w e  n a m e  E E R  g a p  i n  t h i s  p a p e r 5 —  .   θ  m u s t

b e  p o s i t i v e  f o r  s t a b i l i t y  c o n c e r n ,  f o r  e x a m p l e  h o m e  c u r r e n c y  m u s t  b e  c h e a p

t o  o f f s e t  a n  e x c e s s  d o m e s t i c  i n f l a t i o n 6.

B e c a u s e  i n  t h e  l o n g - r u n  a g e n t s  p e r f e c t l y  u n d e r s t a n d  t h e  e c o n o m y ,  E ( Π )  =

Π  a n d  E ( Π * )  =  Π * ,  a n d  ( 2 )  b e c o m e s

E ( x )  =  Π  –  Π *  +  θ ( e  –  e ) ( 2 í )

W e  c a n  r e a d  t h i s  r e l a t i o n s h i p  i n  t e r m s  o f  e x p e c t a t i o n s  f o r m a t i o n .   A g e n t s

e x p e c t  t h e  h o m e  c u r r e n c y  d e p r e c i a t i o n  t o  f i t  a  l o n g  t e r m  t r e n d  p l u s  a n y

c o r r e c t i v e  p a t h  d u e  t o  s o m e  d i s t u r b a n c e .   T h e  l o n g  t e r m  t r e n d  o b t a i n s

w h e n  e  =  e  a n d  g o e s  w i t h  t h e  p e r f e c t  f o r e s i g h t  E ( x )  =  x :

E ( x )  =  x  =  Π  –  Π * ( 2 í í )

( 2 í í )  i s  s i m p l y  t h e  l o n g  t e r m  ( P P P ) .

N o t e  t h a t  i n  t h e  l o n g  r a n g e  w e  c a n  w r i t e  ( U I P )  a s :

r  =  r *  +  x ( 1 )

w h i c h  c o m b i n e d  w i t h  (2 í í )  p r o v i d e s  t h e  r e a l  i n t e r e s t  r a t e  p a r i t y  ( R I P )  i n

t h e  l o n g - r u n :

r  –  Π  =  r *  –  Π * ( R I P )

C o m b i n i n g  ( 1 )  a n d  ( 2 ’ )  g i v e s  t h e  e q u a t i o n :

                                                

5 EER stands for Equi l ibr ium Exchange Rate.  The EER achieves internal  and external  balances.
More ref ined vers ions are developed by John Wil l iamson, ‘‘Est imates of FEERs’’,  Est imating Equi l i-
br ium Exchange Rates, Inst i tute for International Economics, 1994, and Michael J.  Art is  & Mark P.
Taylor,  ‘‘DEER Hunting:  Misal ignment, Debt Accumulation, and Desired Equi l ibr ium Exchange Ra-
tes’’,  Working Paper, IMF, 1993.

6 (2) can be rewritten: E(x )  = θ (e –  e) + E(Π )  – E(Π * ) which is  exactly what Frankel proposes in his
art icle.
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e  –  e  =  -
? 
1 [ ( r  –  Π )  –  ( r *  –  Π * ) ] ( 3 )

f r o m  w h i c h  F r a n k e l ’ s  w o r k  h a s  b e e n  l a b e l l e d  ‘ ‘ r e a l  i n t e r e s t  d i f f e r e n t i a l

m o d e l ’ ’ .

N o t e  h o w e v e r  t h a t  r  –  Π  i s  n o t  e x a c t l y  t h e  r e a l  i n t e r e s t  r a t e  s i n c e  Π  i s  n o t

t h e  e x p e c t e d  c u r r e n t  i n f l a t i o n  E ( p )  b u t  i s  t h e  u n d e r l y i n g  l o n g  r u n  i n f l a t i o n .

W e  w i l l  a d d r e s s  t h i s  i s s u e  f u r t h e r  d o w n  i n  t h i s  p a p e r .

II.3 The Money Market

T h e  d o m e s t i c  d e m a n d  t o  h o l d  r e a l  m o n e y  b a l a n c e  i s  g i v e n  c o n t i n u o u s l y

b y  t h e  c o n v e n t i o n a l  l o g a r i t h m i c  f u n c t i o n

φy  –  λr

w h i c h ,  e q u a t e d  t o  t h e  r e a l  m o n e y  s u p p l y  f r o m  t h e  c e n t r a l  b a n k ,  y i e l d s :

m  –  p  =  φy  –  λr ( 4 )

w h e r e  m ,  p  a n d  y  d e n o t e  t h e  l o g s  o f  r e s p e c t i v e l y  t h e  n o m i n a l  m o n e y  is -

s u e d  b y  t h e  c e n t r a l  b a n k ,  t h e  p r i c e  l e v e l  a n d  r e a l  i n c o m e  o r  o u t p u t .   (4 )  i s

a  c l a s s i c  ( L M )  i d e n t i t y .

D o m e s t i c  d e m a n d  i s  s u p p o s e d  i n d e p e n d e n t  o f  t h e  f o r e i g n  d e m a n d  f o r

h o m e  m o n e y  t o  s e t t l e  i m p o r t s .

H e r e  a g a i n ,  y e t  e x o g e n e o u s  v a r i a b l e s ,  m  a n d  y  a r e  n e v e r t h e l e s s  i m p l i c i t l y

i n d e x e d  w i t h  t i m e  f o r  t h e y  a r e  n o t  h e l d  c o n s t a n t .   F o r  e x a m p l e ,  w e  c a n

i m a g i n e  a  c a s e  w h e r e  l o n g  r u n  i n f l a t i o n  Π  i s  f e d  b y  a  s t e a d y  m o n e t a r y

g r o w t h  o f  g M  =  d m / d t .   A s  m  a n d  y  a r e  e x o g e n o u s ,  t h e i r  l o n g  r u n  a n d  s h o r t

t e r m  v a l u e s  a r e  i d e n t i c a l ,  s o  w e  l e a v e  t h e m  w i t h o u t  u p b a r .   C o n v e r s e l y ,  p

a n d  r  a r e  e n d o g e n o u s  a n d  d e s e r v e s  t h e i r  s h o r t -  a n d  l o n g - t e r m  r e p r e s e n t a -

t i o n s .

I n  t h e  l o n g  r a n g e ,  ( 4 )  b e c o m e s :

m  –  p  =  φy  –  λr ( 4 )

T h e  s a m e  m o n e y  f u n c t i o n  a p p l i e s  a b r o a d :

m *  –  p *  =  φy *  –  λr * ( 4 * )

m *  –  p *  =  φy *  –  λr * ( 4 * )

S u b t r a c t i n g  ( 4 )  f r o m  ( 4 ) ,  a n d  ( 4 * )  f r o m  ( 4 * ) ,  b r i n g s  t w o  e q u a l i t i e s :
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λ( r  –  r ) = p  –  p

λ( r *  –  r * )= p *  –  p *

w h o s e  d i f f e r e n c e  g i v e s :

λ[ r  –  r  –  ( r *  –  r * ) ]  =  p  –  p  –  ( p *  –  p * ) ( 5 )

R e p l a c i n g  r *  –  r  by  Π  –  Π *  i n  t h e  a b o v e  e q u a l i t y  y i e l d s :

λ[ r  –  Π  –  ( r *  –  Π * ) ]  =  p  –  p  –  ( p *  –  p * )

a n d  w i t h  ( 3 )  w e  g e t s :

e  =  e  –  
?λ 

1 [ p  –  p  –  ( p *  –  p * ) ] ( 6 )

T h i s  i s  a  k e y  e q u a t i o n  a s  i t  r e l a t e s  t h e  e x c h a n g e  r a t e  t o  t h e  r e l a t i v e  p r i c e

l ev e l  d e p a r t u r e  f r o m  i t s  l o n g  r u n  t r e n d .

II.4 The Goods Market

T h e  f u n c t i o n  d e p i c t i n g  t h e  d e m a n d  f o r  d o m e s t i c  g o o d s  i n  a n  o p e n  e c o -

n o m y  i s  c l a s s i c :

d  =  u  +  γy  –  σr  +  δ( e  +  p *  –  p ) ( 7 )

w h e r e  d  i s  t h e  l o g a r i t h m  o f  t h e  d e m a n d  D  a n d  u  e m b o d i e s  t h e  a u t o n o -

m o u s  s p e n d i n g .

A t  e q u i l i b r i u m  s u p p l y  Y  m e e t s  d e m a n d  D ,  w h i c h  i s  t h e  ( I S )  b a s i c s .   B u t

r e a c h i n g  e q u i l i b r i u m  t a k e s  t i m e  i n  o u r  m o d e l  w h e r e  p r i c e s  a r e  s t i c k y .   H e n c e

a f t e r  a  d i s t u r b a n c e ,  ( 7 )  i s  v i o l a t e d  i n  t h e  s h o r t  r u n  a n d  g e n e r a t e s  a n  e x c e s s

d e m a n d .   W e  s u p p o s e  t h a t  e x c e s s  d e m a n d  D  –  Y  g i v e s  r i s e  t o  a n  i n s t a n t a -

n e o u s  s h o r t - t e r m  i n f l a t i o n  p  i n  t h e  f o l l o w i n g  w a y :

p  =  π l n ( D / Y )  =  π[ u  +  ( γ  –  1 )y  –  σr  +  δ( e  +  p *  –  p )] ( 8 )

A t  e q u i l i b r i u m ,  w e  g e t  p&  =  Π  a n d  h e n c e

Π  =  π[ u  +  ( γ  –  1 )y  –  σr ] ( 8 )

s o  w e  c a n  r e w r i t e  ( 8 )  a s

p  =  δπ( e  +  p *  –  p )  +  Π  –  σπ( r  –  r ) ( 8 ' )

P r i c e  d i s e q u i l i b r i u m  d e p e n d s  o n  b o t h  P P P  g a p  a n d  i n t e r e s t  r a t e  d i s e q u i l i -

b r i u m .   T h i s  r e s u l t s  d i f f e r s  f r o m  F r a n k e l ’ s  a s s u m p t i o n  w h e r e  e x c e s s  i n f l a t i o n  i s

r e l a t e d  s o l e l y  t o  P P P  g a p .
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N o w  t h e  s a m e  d e m a n d  f u n c t i o n  p r e v a i l s  a b r o a d  a n d  s o  w e  g e t  s i m i l a r

i d e n t i t i e s :

p *  =  π[ u  +  ( γ  –  1 )y *  –  σr *  +  δ( p  –  e  –  p * ) ] ( 8 * )

Π *  =  π[ u  +  ( γ  –  1 )y *  –  σr * ] ( 8 * )

p *  =  -δπ( e  +  p *  –  p )  +  Π *  –  σπ( r *  –  r * ) ( 8 * ' )

S u b t r a c t i n g  ( 8 * ' )  f r o m  ( 8 )  p r o v i d e s :

p  –  p *  =  2δπ( e  +  p *  –  p )  +  Π  –  Π *  –  σπ[ r  –  r  –  ( r *  –  r * ) ] ( 8 * ' ' )

w h i c h  w i t h  ( 5 )  b e c o m e s :

p  –  p *  =  2δπ( e  +  p *  –  p )  +  Π  –  Π *  –  
λ

σπ
 

[ p  –  p  –  ( p *  –  p * )]

p  –  p&  –  ( p *  –  *p& )  =  2δπ( e  +  p *  –  p )  –  
λ

σπ
 

[ p  –  p  –  ( p *  –  p * ) ]

p  –  p  –  ( p *  –  p * )  =  2δπ( e  +  p *  –  p )  –  
λ

σπ
 

[ p  –  p  –  ( p *  –  p * ) ] ( 9 )

W e  n e e d  t o  r e l a t e  t h e  P P P  g a p  t o  t h e  r e l a t i v e  p r i c e  d i s e q u i l i b r i u m  t o  g e t

a  s i m p l e  d i f f e r e n t i a l  e q u a t i o n .   T h i s  c a n  b e  a c h i e v e d  t h r o u g h  a  l i t t l e  a l g e-

b r a .   S u b t r a c t i n g  ( 4 * )  f r o m  ( 4 )  b r i n g s :

m  –  m *  =  p  –  p *  +  φ( y  –  y * )  –  λ( r  –  r * )

a n d  i n  t h e  l o n g  r u n :

m  –  m *  =  p  –  p *  +  φ( y  –  y * )  –  λ( r  –  r * )

a n d  b y  s u b t r a c t i n g  t h e  l a t t e r  f r o m  t h e  f o r m e r :

p  –  p *  =  p  –  p *  –  λ[ ( r  –  r *  –  ( r  –  r * ) ]

U s i n g  ( P P P )  a n d  ( R I P )  i n  o r d e r  t o  s u b s t i t u t e  p  –  p *  w i t h  e  a n d  r  –  r *  w i t h  Π

–  Π * ,  w e  g e t :

e  +  p *  –  p  =  –  λ[ ( r  –  Π )  –  ( r *  –  Π * ) ]

D i v i d i n g  t h e  t w o  h a n d  s i d e s  o f  t h i s  e q u a t i o n  w i t h  t h e  r e s p e c t i v e  h a n d  si -

d e s  o f  ( 3 )  y i e l d s :

 e 
pp

e
e

−
−+    *    

 =  λθ

o r  e q u i v a l e n t l y

e  +  p *  –  p  =  ( 1 + λθ )( e  –  e ) ( 10 )

w h i c h  w i t h  ( 6 )  g i v e s  t h e  p r o m i s e d  r e l a t i o n :

.
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e  +  p *  –  p  =  -
?
?

λ
λ+

 
1 [ p  –  p  –  ( p *  –  p * ) ] ( 1 0 í )

R e p l a c i n g  P P P  g a p  i n  (9 )  w i t h  i t s  r e l a t i v e  p r i c e  d e p a r t u r e  e q u i v a l e n t ,  w e

o b t a i n  a  s i m p l e  d i f f e r e n t i a l  e q u a t i o n :

p  –  p  –  ( p *  –  p * )  =  -υ  [ p  –  p  –  ( p *  –  p * ) ] ( 11 )

w h e r e

υ  =  
??

sp???pd ++ )(12
( 12 )

a n d  w h o s e  s o l u t i o n  i s :

p  –  p *  =  p  –  p *  +  [ 0p  –  
∗
0p  –  ( 0p  –  

∗
0p )] e-υ t  ( 13 )

υ  c a n  b e  i n t e r p r e t e d  a s  a  r a t e  o f  c o n v e r g e n c e  o f  t h e  r e l a t i v e  p r i c e  to -

w a r d s  i t s  e q u i l i b r i u m  p a t h .

II.5 Consistency Condition

( 6 )  s h o w s  t h a t  t h e  c u r r e n c y  f o l l o w s  t h e  s a m e  t y p e  o f  c o n v e r g e n c e :

e  =  e  –
?λ 

1 [ 0p  –  
∗
0p  –  ( 0p  –  

∗
0p ) ] e-υ t

e  =  e  +
?λ 

1 ( e 0  –  e 0 )e-υ t ( 14 )

H o m e  c u r r e n c y  d e p r e c i a t e s  t o  c a t c h  u p  i t s  l o n g - t e r m  p a t h  a s  l o n g  a s  t h e

p r i c e  d i f f e r e n t i a l  i s  a b o v e  i t s  e q u i l i b r i u m  l e v e l .

T a k i n g  t h e  t i m e  d e r i v a t i v e  o f  (14 )  — e  =  e  – υ / λθ ( e 0  –  e 0 )e-υ t  —  ,  r e c a l l i n g

t h a t  e  =  x  a n d  e&  =  x ,  a n d  u s i n g  ( P P P ’ ) ,  w e  e n d  u p  w i t h :

x  =  Π  –  Π *  –  υ ( e  – e )

C o m p a r i n g  t h e  l a t t e r  e q u a l i t y  w i t h  e x p e c t a t i o n  p a t h  d e s c r i p t i o n  (2 í )  en -

t a i l s  t h a t  e x p e c t a t i o n s  f i t  r e a l i z a t i o n s  o n l y  w h e n  θ  e q u a l s  υ .

C o n s i s t e n t  a n d  s t a b l e  e x p e c t a t i o n s  a r e  t h e n  r e a c h e d  w h e n  θ  v e r i f i e s :

θ  =  
??

sp?)??(pd ++12
 a n d  θ  >  0 ( 15 )

S o l v i n g  t h e  q u a d r a t i c  e q u a t i o n  g i v e s :

θ  =  
2
p (

λ
σ + 2 δ)  +  [

4
p² (

λ
σ + 2 δ) ²+ π

λ
δ2 ] ½ ( 16 )

T h e  o n l y  d i f f e r e n c e  w i t h  D o r n b u s c h ’ s  r e s u l t  i s  t h a t  δ i s  r e p l a c e d  b y  2 δ,

w h i c h  i s  t h e  e f f e c t  o f  o u r  t w o - c o u n t r y  f r a m e w o r k .   I t  i s  w o r t h  n o t i n g  t h a t

.
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r e l a x i n g  t h e  h y p o t h e s i s  o f  c o n s t a n t  e q u i l i b r i u m  v a l u e s  h a s  n o  i n c i d e n c e  t he-

re .

W h e n  e x p e c t a t i o n s  m e e t  r e a l i z a t i o n s ,  i t  m e a n s  t h a t  e c o n o m i c  a g e n t s

h a v e  a  p e r f e c t  f o r e s i g h t .   T h i s  s t r o n g  a s s u m p t i o n  r e d u c e s  t h e  a t t r a c t i v e n e s s

o f  t h e  m o d e l  a s  i t  d o e s n ’ t  s h o w  v e r y  m u c h  r e a l i s t i c .   A  m o r e  a p p e a l i n g  mo -

d e l  w o u l d  a l l o w  s o m e  e r r o r  i n  p r e d i c t i o n s ,  b u t  w i t h o u t  p e r s i s t e n t  b i a s  r e l a -

t i v e  t o  o u t c o m e s .   A g e n t s  w o u l d  t h e n  f e e d  r a t i o n a l  e x p e c t a t i o n s .   T o  o u r

k n o w l e d g e ,  n o  s t o c h a s t i c  s e t t i n g  o f  t h e  D o r n b u s c h  o r  F r a n k e l ’ s  m o d e l s  h a s

b e e n  p r o p o s e d  s o  f a r 7.

L a s t ,  i f  (16 )  i s  a  n e c e s s a r y  c o n d i t i o n  f o r  m o d e l  c o n s i s t e n c y ,  n o t h i n g  t e l l s

u s  t h a t  i t  i s  a l s o  s u f f i c i e n t .   W e  w i l l  s e e  a  c o m p l e t e  d i s c u s s i o n  a b o u t  t h i s

i s s u e  i n  P a r t  IV .

II.6 Conclusion

W e  h a v e  g e n e r a l i z e d  D o r n b u s c h ’ s  o v e r s h o o t i n g  m o d e l  b y  r e l a x i n g  t h e  hy-

p o t h e s e s  o f  a  s m a l l  c o u n t r y  w i t h  c o n s t a n t  s e c u l a r  m a c r o e c o n o m i c  v a r i a -

b l e s ,  a n d  b y  a s s u m i n g  a  f o r c e  p u l l i n g  b a c k  t h e  e x c h a n g e  r a t e  t o w a r d s  n o t  a

g i v e n  l e v e l  b u t  a  d y n a m i c  e q u i l i b r i u m  t r a j e c t o r y .   Y e t  w e  h a v e  f o u n d  t h e

s a m e  k i n d  o f  b e h a v i o u r  f o r  t h e  r e l a t i v e  p r i c e  a n d  t h e  e x c h a n g e  r a t e ,  t h a t  i s

t o  s a y  a n  e x p o n e n t i o n a l  c o n v e r g e n c e  ( i n  l o g  t e r m s )  t o w a r d s  t h e  l o n g - r u n

u n d e r l y i n g  e q u i l i b r i u m  p a t h .

H o w e v e r  w e  w i l l  s e e  i n  P a r t  IV  t h a t  D o r n b u s c h ’ s  o r i g i n a l  m o d e l  i s  n o t  s o

r o b u s t  w h e n  f a c i n g  a  m o r e  r e a l i s t i c  s t a n c e .

I I I) DO R N B U S C H’S  IM P L I E D  RE A L  INTEREST  RATES  D I FFERENT IAL

T h e  r e a l  i n t e r e s t  d i f f e r e n t i a l  m o d e l  s h o w n  i n :

e  –  e  =  -
 ?
1 [ ( r  –  Π )  –  ( r *  –  Π * ) ] ( 3 )

m a y  n o t  d e s e r v e  i t s  n a m e  s i n c e  t h e  r e a l  r a t e s  a r e  n o t  c o m p u t e d  w i t h  t h e

a c t u a l  i n f l a t i o n s  p  a n d  p * ,  b u t  w i t h  t h e  u n d e r l y i n g  l o n g - t e r m  i n f l a t i o n s  Π

a n d  Π * .

                                                

7 Frankel only hints at i t  in ‘‘Monetary and Portfol io Balance Models of Exchange Rate Determina-
t ion’’,  Economic Interdepedence and Flexible Exchange, MIT Press,  1984.
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N e v e r t h e l e s s  a f t e r  h a n d l i n g  o u t  a  s e t  o f  e q u a t i o n s  F r a n k e l  d e r i v e s  f r o m  h i s

m o d e l  t h a t  t h e  e q u i l i b r i u m  e x c h a n g e  r a t e  d e p a r t u r e  —  o r  E E R  g a p  —  i s  li -

n e a r l y  d e p e n d e n t  o n  t h e  r e a l  i n t e r e s t  d i f f e r e n t i a l  i n v o l v i n g  c u r r e n t  i n f l a -

t i o n s .

W e  w i l l  s e e  b e l o w  t h a t  D o r n b u s c h ’ s  g e n e r a l i z e d  m o d e l  l e a d s  t o  t h e  s a m e

k i n d  o f  r e l a t i o n s h i p .   W e  w a r n  t h e  r e a d e r  t h a t  t h e  a l g e b r a  i n v o l v e d  i s  s i m -

p l e  b u t  s o m e w h a t  c u m b e r s o m e .

III.1 Linking the Real Rates Differential to the EER

and PPP Gaps

O u r  f i r s t  c o m p u t a t i o n a l  o b j e c t i v e  i s  t o  g a t h e r  t h e  E E R  g a p ,  P P P  g a p  a n d

r e a l  i n t e r e s t  d i f f e r e n t i a l  i n t o  a  s i n g l e  i d e n t i t y .

F i r s t  r e c a l l  t h e  l o n g - t e r m  ( R I P ) :

r  –  Π  =  r *  –  Π * ( R I P )

a n d  c o m b i n e  i t  w i t h  ( 3 )  t o  g e t :

e  –  e  =  -
θ 
1 [ ( r  –  r * )  –  ( Π  –  Π * ) ] ( 3 í )

P l u g g i n g  ( 3 í )  i n t o  ( 10 )  y i e l d s :

e  +  p *  –  p  =  -
λθ
λθ+

 
1 [ ( r  –  r * )  –  ( Π  –  Π * ) ] ( 17 )

t h a t  i s ,  P P P  g a p  i s  l i n e a r l y  r e l a t e d  t o  t h e  p s e u d o - r e a l  r a t e s  d i f f e r e n c e .

N o w  u s e  a g a i n  ( R I P )  w i t h  e q u a t i o n  ( 8 * ' ' )  b y  s u b s i t u t i n g  r  –  r *  w i t h  Π –  Π *  :

p  –  p *  =  2δπ( e  +  p *  –  p )  +  Π  –  Π *  –  σπ[ ( r  –  r * )  –  ( Π  –  Π * ) ] ( 8 * ' ' )

a n d  u s e  ( 3 ’ )  t o  e x p r e s s  Π  –  Π *  w i t h o u t  t h e  p s e u d o - r e a l  r a t e s  s p r e a d :

Π  –  Π *  =  p  –  p *  –  2δπ( e  +  p *  –  p )  –  σπθ ( e  –  e ) ( 18 )

T h e n  r e p l a c e  t h i s  e q u i v a l e n t  v a l u e  o f  Π  –  Π *  i n  ( 18 ) :

e  +  p *  –  p  =  -
λθ
λθ+

 
1 [ ( r  –  p )  –  ( r *  –  p * )  +  2δπ( e  +  p *  –  p )  +  σπθ ( e  –  e )]

C o l l e c t i n g  P P P  g a p  t e r m s  g i v e s :

e  +  p *  –  p  =  -
)λθ+π+θ

λθ+
(12 

1 [ ( r  –  p )  –  ( r *  –  p * )  +  σπθ ( e  –  e )] ( 19 )

T h i s  i s  t h e  f i r s t  i d e n t i t y  w e  w e r e  l o o k i n g  f o r .   F r a n k e l  f i n d s  a  s i m i l a r  r e s u l t

b u t  w i t h o u t  t h e  σπθ ( e  –  e )  t e r m .   T h i s  d i f f e r e n c e  s t e m s  f r o m  h i s  s i m p l e r  as -
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s u m p t i o n  a b o u t  t h e  g o o d s  m a r k e t .   I n d e e d  F r a n k e l ’ s  p u l l  b a c k  f o r c e s  f o l l o w

t h e  p r o c e s s :

p  =  πδ( e  +  p *  –  p )  +  Π

w h i c h  i s  s i m p l e r  t h a n  (8 )  s i n c e  c u r r e n t  i n f l a t i o n  d o e s n ’ t  d e p e n d  d i r e c t l y

o n  t h e  e n d o g e n o u s  c u r r e n t  i n t e r e s t  r a t e ,  c o n t r a r y  t o  w h a t  w e  h a v e  a l l o -

w e d 8.

III.2 The Real Interest Rate Differential at Work

E l i m i n a t i n g  Π  –  Π *  f r o m  ( 3 í )  b y  u s i n g  i t s  v a l u e  f r o m  ( 18 ) ,  w e  f i n d :

e  –  e  =  -
θ 
1 [ ( r  –  r * )  – ( p  –  p * )  –  2δπ( e  +  p *  –  p )  –  σπθ ( e  –  e )]

a n d  r e p l a c i n g  t h e  P P P  g a p  b y  i t s  v a l u e  f r o m  (19 )  b r i n g s ,  a f t e r  r e a r r a n g i n g

t h e  r e a l  r a t e  d i f f e r e n t i a l  a n d  t h e  E E R  g a p  t e r m s  i n  t h e  r i g h t  h a n d  s i d e :

e  –  e  =  -
θ 
1 [

)λθ+π+θ
θ
(12 

[ ( r  –  p )  –  ( r *  –  p * ) ]  –  
)

²
λθ+π+θ

πσθ
(12 

( e  –  e )]

F i n a l l y ,  w e  g e t  t h e  l i n e a r  r e l a t i o n s h i p 9:

e  –  e  =  -
))( λθ+δπ+πσ+θ (121 

1 [ ( r  –  p )  –  ( r *  –  p * ) ]

F r a n k e l ’ s  s i m i l a r  r e l a t i o n s h i p  c o e f f i c i e n t  i s  e q u a l  t o  1 / [ θ + 2 δπ( 1 + λθ ) ]  a n d

c l e a r l y  a d d i n g  u p  ( 1 + πσ)  r e f l e c t s  o u r  t a k i n g  a c c o u n t  o f  t h e  c u r r e n t  i n t e r e s t

r a t e  i n  t h e  g o o d s  m a r k e t  s h o r t - t e r m  d yn a m i c s .

T h e  m a i n  f i n d i n g  i n  P a r t  III  i s  t h a t  t h e  e n l a r g e d  D o r n b u s c h  m o d e l  d e l i -

v e r s  o n e  o f  t h e  m a i n  r e s u l t  f r o m  F r a n k e l ,  i . e .  t h a t  t h e  r e a l  i n t e r e s t  r a t e s  d i f -

f e r e n t i a l  d r i v e s  t h e  c u r r e n c y  s p o t .

IV) S TABIL I TY  D I S C U S S I O N

A  m a j o r  w e a k n e s s  i n  o u r  a p p r o a c h  i s  t h a t  i t  h a s  i n j e c t e d  a  a d  h o c  l i n k  (2 )

b e t w e e n  P P P  g a p  a n d  E E R  g a p  i n t o  a  c l a s s i c  I S - L M  m o d e l  i n  a n  o p e n  e c o -

                                                

8 Π  involves long-run r  — see (8)  —  not instant r .

9 Notice that (r  –  p) is  not per say the real interest rate s ince p i s  not an inf lat ion expectat ion but a
real ized f igure.  But remind that we are looking for a stable path for the economy and that this re-
quires a perfect foresight from the agents.  Hence p = E(p).
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n o m y  a n d  w i t h  p e r f e c t l y  m o b i l e  c a p i t a l 10,  w i t h o u t  c h e c k i n g  w h e t h e r  t h e

m o d e l  i s  b y  i t s e l f  s u f f i c i e n t  t o  p r o v i d e  s u c h  a  l i n k  o r  a n  a l t e r n a t i v e  o n e .

I n  w h a t  f o l l o w s  w e  g e t  a  s e n s e  o f  o u r  m o d e l  f r o m  a  C o n t r o l  S c i e n c e  p e r s -

p e c t i v e .   W i t h o u t  s u p p o s i n g  t h a t  t h e  e x p e c t a t i o n  f o r m a t i o n  (2 )  h o l d s  e x

a n t e ,  w e  w i l l  a n a l y z e  h o w  a n  e c o n o m y  w h o s e  a g e n t s  h a v e  p e r f e c t  f o r e s i g h t

c a n  b e  s t a b l e .

IV.1 The State and Control Variables of the Model

W e  c a n  t h i n k  o f  t h e  l o n g - t e r m  v a r i a b l e s ,  d e p i c t e d  w i t h  a n  u p b a r ,  a s

b e i n g  t h e  e n g i n e  o f  t h e  w o r l d  e c o n o m y  a n d  a s  w e l l  a s  a  p l a n n e r  c o n s t r a i -

n i n g  i t  t o  s t i c k  t o  s o m e  r o u t e .   T h e  s h o r t - t e r m  v a r i a b l e s ,  t h e y ,  t h e n  d e s c r i b e

h o w  t h e  e c o n o m y  r e a c t s  t o  o n c e - a n d - f o r - a l l  e x t e r n a l  s h o c k s .

T h e  e c o n o m y  w i l l  b e  c o n s i d e r e d  a s  a  s y s t e m  d e s c r i b e d  b y  a  s u b s e t  o f  n o n -

r e d u n d a n t  s h o r t - t e r m  v a r i a b l e s  —  t e r m e d  t h e  s t a t e  v a r i a b l e s  —  a n d  f o r c e d

b y  f u n d a m e n t a l  v a r i a b l e s  —  t e r m e d  t h e  c o n t r o l  v a r i a b l e s  —  t o  f o l l o w  s o m e

t r a j ect o r y .

S t a t e  v a r i a b l e s  a r e  t o  b e  d r a w n  f r o m  e q u a t i o n s  (1 ) ,  (4 )  &  (4 * ) ,  (8 )  &  (8 * ) ,

a n d  f r o m  t h e  p e r f e c t  f o r e s i g h t  a s s u m p t i o n ,  a l l  h o l d i n g  c o n t i n u o u s l y .   I n  ge-

n e r a l  f o r  a  g i v e n  p r o b l e m ,  t h e  a p p r o p r i a t e  d e f i n i t i o n  o f  t h e  s t a t e  i s  n o t

u n i q u e ,  t h e r e  b e i n g  a l t e r n a t i v e  w a y s  o f  c o m p l e t e l y  d e s c r i b i n g  t h e  c u r r e n t

p o s i t i o n  o f  t h e  s ys t e m .

W e  c o l l e c t  ( 1 ) ,  ( 4 )  &  ( 4 * ) ,  a n d  ( 8 )  &  ( 8 * )  t o  s e t  u p  t h e  s y s t e m :

r  =  r *  +  E ( x ) ( 1 )

m  –  p  =  φy  –  λr ( 4 )

m *  –  p *  =  φy *  –  λr * ( 4 * )

p  =  π[ u  +  ( γ  –  1 )y  –  σr  +  δ( e  +  p *  –  p )] ( 8 )

p *  =  π[ u  +  ( γ  –  1 )y *  –  σr *  +  δ( p  –  e  –  p * ) ] ( 8 * )

a n d  r e c a l l  t h a t  p e r f e c t  f o r e s i g h t  m e a n s  t h a t  E ( x )  =  x .

T h e  v e c t o r  c o m p o s e d  o f  (r  ;  r *  ; p  ; p *  ; e )  i s  a  s t r a i g h t f o r w a r d  c a n d i d a t e  t o

b e c o m e  s t a t e  v a r i a b l e s ,  b u t  b y  f i r s t  c o l l a p s i n g  t h e  a b o v e  s y s t e m  w e  w i l l

                                                

10 See for example the Mundell-F leming model.
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t h e n  s o l v e  i t  m o r e  e a s i l y .   W e  o b s e r v e  t h a t  t h e  s y s t e m  c a n  b e  e x p r e s s e d  i n

t e r m s  o f  c u r r e n t  e x c h a n g e  r a t e  a n d  p r i c e  r e l a t i v e  b y  e l i m i n a t i n g  t h e  n o m i -

n a l  i n t e r e s t  r a t e  d i f f e r e n t i a l .   I n d e e d :

( 8 )  –  ( 8 * ) ,  ( 4 )  –  ( 4 * )  a n d  ( 1 )  y i e l d  r e s p e c t i v e l y :

( p  –  p * )  =  π[ ( γ  –  1 ) ( y  –  y * )  –  σ( r  –  r * )  +  2δ( e  +  p *  –  p )] ( 20 )

( m  –  m * )  –  ( p  –  p * )  =  φ( y  –  y * )  –  λ( r  –  r * ) ( 21 )

( r  –  r * )  =  e ( 22 )

( 21 )  a l l o w s  t o  e x p r e s s  r  –  r *  i n  t e r m s  o f  p r i c e s  a n d  e x o g e n o u s  v a r i a b l e s :

r  –  r *  =  
λ
1

 [ ( p  –  p * )  –  ( m  –  m * )  +  φ( y  –  y * ) ]

w h i c h ,  w h e n  r e p l a c e d  i n  ( 22 )  a n d  ( 20 )  p r o v i d e s :

e  =  
λ
1

( p  –  p * )  +  
λ
φ

( y  –  y * )  –  
λ
1

( m  –  m * ) ( 23 )

p  –  p *  =  2δπe  –  (
λ
σ

 +  2 δ)π( p  –  p * )  +  ( γ  –  1  –  
λ
σφ

)π( y  –  y * )  +  
λ
σπ

( m  –  m * ) ( 24 )

N o w  r e s t a t e  t h i s  s e t  o f  t w o  e q u a t i o n s  i n  t h e  l o n g - r u n :

e&  =  
λ
1

( p  –  p * )  +  
λ
φ

( y  –  y * )  –  
λ
1

( m  –  m * )

p  –  p *  =  2δπe  –  (
λ
σ

 +  2 δ)π( p  –  p * )  +  ( γ  –  1  –  
λ
σφ

)π( y  –  y * )  +  
λ
σπ

( m  –  m * )

S u b t r a c t i n g  t h e  e q u a t i o n s  i n  u n d e r l y i n g  l o n g - r u n  v a r i a b l e s  f r o m  t h e  c o r -

r e s p o n d i n g  e q u a t i o n s  i n  c u r r e n t  v a r i a b l e s  g i v e s :

e  –  e  =  
λ
1

[ p  –  p  +  ( p *  –  p * ) ]

p  –  p  –  ( p *  –  p * )  =  2δπ( e  –  e )  –  (
λ
σ

 +  2 δ)π[ p  –  p  –  ( p *  –  p * ) ]

T h i s  i s  a  s y s t e m  t h a t  c a n  b e  r e p r e s e n t e d  i n  m a t r i x  f o r m :

X( t )  =  AX( t ) ( 25 )

w h e r e :

X( t )  =  







−−−

−
*) *( pp

e
p   p

  e 
A =  








πδ+λσδπ

λ
)2/(-2

1/0

.

.

.

.
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X( t )  i s  t h e  v e c t o r  o f  s t a t e  v a r i a b l e s  a n d  A  i s  a  t i m e  i n v a r i a n t  m a t r i x .   (25 )

i s  a l s o  c a l l e d  t h e  s t a t e  e q u a t i o n .   N o t i c e  t h a t  X( t )  i s  a  v e c t o r  o f  g a p  v a r i a -

b l e s .   W e  n o w  t u r n  t o  s o l v i n g  t h e  e q u a t i o n .

IV.2 Solving for the State Equation

T h e  s t a t e  e q u a t i o n  r e v e a l s  a  l i n e a r  c o n t i n u o u s - t i m e  s y s t e m  f r e e  o f  c o n s -

t a i n t  a n d  w h o s e  s t a t e  v a r i a b l e s  c a n  b e  r e a d i l y  e x p r e s s e d  a s  f u n c t i o n s  o f

t i m e11.   T h e  s o l u t i o n  o f  ( 25 )  i s :

X( t )  =  eA t X( 0 )

eA t  c a n  b e  c o m p u t e d  w i t h  t h e  S y l v e s t e r  m e t h o d  w h i c h  c o n s i s t s  i n  s e t t i n g

t h e  f o l l o w i n g  d e t e r m i n a n t  e q u a l  t o  z e r o :

t

t

t

A
?

?

eA

-e-1

-
e-1

2
2

1
1

Ι

θ

θ

( 26 )

w h e r e  -θ 1  a n d  -θ 2  a r e  t h e  e i g e n v a l u e s  o f  m a t r i x  A ,  t h u s  s a t i s f y i n g :

πδ+λσ+θδπ
λθ

)2/(-2-
1/--

 =  0 ( 27 )

( 27 )  l e a d s  t o  t h e  s a m e  e q u a t i o n  a s  ( 15 )  w h o s e  r o o t s  a r e :

θ 1  =  
2
p (

λ
σ + 2 δ)  +  [

4
p² (

λ
σ + 2 δ) ²+ π

λ
δ2 ] ½ a n d θ 2  =  

2
p (

λ
σ + 2 δ)  –  [

4
p² (

λ
σ + 2 δ) ²+ π

λ
δ2 ] ½

H e n c e  ( 26 )  y i e l d s :

( -θ 1 e-θ 2 t  +  θ 2 e-θ 1 t )Ι –  ( e-θ 2 t  –  e-θ 1 t ) A  +  ( -θ 2  +  θ 1 )eA t  =  0

a n d  t h e r e f o r e  w e  h a v e :

eA t  =  
12 ??

1
− 
















θ−θπδ+
λ
σ+θθ+θθθ−θδπ

θ−θ
λ

θθ+θθ

)-e -(e  )2(   -e -e-      )-e -(e 2-

)-e -(e 
1

--e -e-

121
2

2
1

12

121
2

2
1

tttttt

tttt

T h e  f r e e  s t a t e  s o l u t i o n  i s  t h e n  o f  t h e  f o r m :

e  –  e  =  a 1 e-θ 1 t  +  a 2 e-θ 2 t  a n d p  –  p  –  ( p *  –  p * )  =  b 1 e-θ 1 t  +  b 2 e-θ 2 t

                                                

11 ‘‘Théorie de la commande temporel le’’, C.A. Darmon, Ecole Supérieure d’Electr icité, 1980.
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w h e r e  a1 ,  a 2 ,  b 1 ,  b 2  a r e  c o n s t a n t s  w h o s e  v a l u e s  d e p e n d  o n  θ 1 ,  θ 2 ,  e 0  –  e 0 ,

p 0  –  p 0  –  (
∗
0p  –  

∗
0p )  a n d  t h e  s t r u c t u r a l  p a r a m e t e r s  δ,  λ,  π,  σ :

a 1  =  
12 ??

1
−

[ θ 2 ( e 0  –  e 0 )  +  
λ
1 ( p 0  –  p 0  –  (

∗
0p  –  

∗
0p ))]

a 2  =  
12 ??

1
−

[ -θ 1 ( e 0  –  e 0 )  –  
λ
1 ( p 0  –  p 0  –  (

∗
0p  –  

∗
0p ))]

b 1  =  
12 ??

1
−

[ 2δπ( e 0  –  e 0 )  +  ( θ 2  –  (
λ
σ  +  2 δ)π)( p 0  –  p 0  –  (

∗
0p  –  

∗
0p ))]

b 2  =  
12 ??

1
−

[ - 2 δπ( e 0  –  e 0 )  +  ( -θ 1  +  (
λ
σ  +  2 δ)π)( p 0  –  p 0  –  (

∗
0p  –  

∗
0p ))]

I t  i s  c l e a r  t h a t  t h e  e c o n o m y  i s  s t a b l e  i f  a n d  o n l y  i f  a 2  =  b 2  =  0 .   T h i s  c o n d i -

t i o n  s u m m a r i z e s  a s :

e 0  =  e 0  –  
1 

1
?λ

[ ( p 0  –  p 0  –  (
∗
0p  –  

∗
0p ))] ( 28 )

e 0  =  e 0  –  
δπ2
1 ( θ 1  –  (

λ
σ  +  2 δ)π) [ ( p 0  –  p 0  –  (

∗
0p  –  

∗
0p ))]

T h e  t w o  e q u a t i o n s  c o l l a p s e  i n t o  o n e  b e c a u s e  w e  k n o w  f r o m  (27 )  t h a t  θ 1

v e r i f i e s  
1 

1
?λ

 =  
δπ2
1 ( θ 1  –  (

λ
σ  +  2 δ)π) .

L e t  u s  k e e p  t h e  f i r s t  o n e  (28 ) .   W e  n o t i c e  t h a t  t h i s  i s  i d e n t i t y  (6 )  a t  t i m e  t

=  0 .   I t  i s  e a s y  t o  s e e  t h a t  h a v i n g  ( 6 )  a t  t i m e  t  =  0  i s  e q u i v a l e n t  t o  h a v i n g  (2 )

a t  t i m e  t  =  0 .   H e n c e  t o  g e t  a  s t a b l e  e c o n o m y  t h e  i n i t i a l  s h o c k  n e e d s  t o  l i e

o n  t h e  e x p e c t a t i o n  p a t h  t h a t  w e  d i d  n o t  a s s u m e  t o  h o l d  i n  t h i s  p a r t .   O n c e

t h i s  c o n d i t i o n  i s  f u l f i l l e d ,  w e  a l s o  k n o w  t h a t  t h e  l o g s  o f  E E R  a n d  r e l a t i v e

p r i c e s  g a p s  t h e n  f o l l o w  d e c r e a s i n g  e x p o n e n t i a l  f u n c t i o n s  o f  t i m e  w i t h  r a t e

o f  c o n v e r g e n c e  θ 1 .   F r o m  t h i s  r e s u l t 12 w e  c a n  i n f e r  e a s i l y  t h a t  (2 )  h o l d s  c o n -

t i n u o u s l y .

A t  t h i s  s t a g e  i t  m a y  b e  t e m p t i n g  t o  c l a i m  t h a t  t h e  m o d e l  e n d o g e n o u s l y

p r o v i d e s  t h e  e x p e c t a t i o n  p a t h  (2 ) .   B u t  t h i s  w o u l d  o v e r l o o k  t h a t  t h e  i n i t i a l

c o n d i t i o n  (28 )  i s  a l l  b u t  c o m m o n .   I n d e e d  t h e  p r i c e  s h o c k  m u s t  e x a c t l y  re-

l a t e  t o  E E R  g a p  i n  a  u n i q u e  w a y ,  i . e .  l i n e a r l y  w i t h  c o e f f i c i e n t  - 1 / λθ 1 .   I f  i t

d o e s n ’ t  t h e n  t h e  e c o n o m y  i s  u n s t a b l e  a n d  ( 2 )  d o e s n ’ t  h o l d .

                                                

12 and from perfect foresight.
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F r o m  a  m a t h e m a t i c a l  s t a n d p o i n t ,  (28 )  i s  w e a k e r  t h a n  (6 ) ,  a n d  t h e r e f o r e

t h e  m o d e l  g a i n s  i n  g e n e r a l i t y  b y  a s s u m i n g  (28 )  r a t h e r  t h a n  (6 )  o r  e q u i v a l en -

t l y  (2 ) .   B u t  t h i s  d o e s n ’ t  m a k e  s e n s e  f r o m  a n  e c o n o m i c  p o i n t  o f  v i e w ,  f o r

( 28 )  i s  t o o  s p e c i f i c .   I n d e e d ,  w h a t  i s  t h e  e c o n o m i c  r a t i o n a l e  f o r  a s s u m i n g  ( 6 )

o r  e q u i v a l e n t l y  ( 2 )  o n l y  a t  t i m e  t  =  0  a n d  n o t  l a t e r  ?   W e  d o n ’ t  s e e  a n y ,  a n d

s o  p r o b a b l y  d i d  D o r n b u s c h  w h e n  h e  p o s i t s  ( 2 )  a t  a n y t i m e .

IV.3 About Frankel’s approach

F o l l o w i n g  F r a n k e l  w e  c o u l d  h a v e  d e s c r i b e d  t h e  e c o n o m y  w i t h  (23 )  a n d

( 24 ) ,  t h a t  i s  w i t h  a  s e t  o f  v a r i a b l e s  w h i c h  a r e  n o t  g a p s .   T h e  e c o n o m y  c a n

t h e n  b e  r e p r es e n t e d  i n  t h e  f o l l o w i n g  m a t r i x  f o r m :

X( t )  =  AX( t )  +  B ( t )U ( t ) ( 29 )

w h e r e :

X( t )  =  







∗−pp

e  
A =  








πδ+λσδπ

λ
)2/(-2

1/0
B  =  








λσππλσφγ
λλφ

/)/-1-(
1/-/

U ( t )  =  







*-
*-

mm
yy

X( t )  i s  t h e  v e c t o r  o f  s t a t e  v a r i a b l e s ,  U ( t )  t h e  v e c t o r  o f  c o n t r o l  v a r i a b l e s ,

a n d  A  a n d  B  a r e  t i m e  i n v a r i a n t  m a t r i c e s .   U ( t )  d e p e n d s  o n l y  o n  e x o g e n o u s

v a r i a b l e s  a n d  d e s e r v e s  t o  b e  d e f i n e d  a s  t h e  c o n t r o l  v e c t o r .

W e  h a v e  a l r e a d y  s a i d  t h a t  F r a n k e l  s u p p o s e s  t h a t  t h e  d y n a m i c s  o f  t h e

g o o d s  m a r k e t  d o e s  n o t  d e p e n d  o n  t h e  c o n t e m p o r a n o u s  i n t e r e s t  r a t e .   T h e-

r e f o r e  h e  g e t s  d i f f e r e n t  v a l u e s  o f  A ,  B  a n d  U ( t ) :

A  =  







δπδπ
λ

2-2
1/0

B  =  






 λ
10
1/1-

U ( t )  =  







ΠΠ *-

*-pp

I n  b o t h  c a s e s ,  t h e  s t a t e  e q u a t i o n  i s  t y p i c a l  o f  a  c o n s t r a i n e d  —  o r  f o r c e d

—  l i n e a r  c o n t i n u o u s - t i m e  s y s t e m .   T h e  g en e r a l  s o l u t i o n  o f  ( 29 )  i s :

X( t )  =  eA t X( 0 )  +  ∫ ττττ−t t
0

)d)U(B( )A(e

eA t X( 0 )  i s  t h e  s o l u t i o n  o f  t h e  f r e e  s y s t e m  a n d  i s  e x p l i c i t e d  i n  IV.3 .

H e n c e  F r a n k e l ’ s  s o l u t i o n  i s  t h e  s u m  o f  a  v e c t o r  o f  t h e  t y p e















θ+θ

θ+θ

tt

tt

2
2

1
1

2
2

1
1

-eb -eb

-ea -ea
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a n d  o f  t h e  v e c t o r  ∫ ττττ−t t
0

)d)U(B( )A(e .

∫eA( t -τ)B( τ)U( τ)d τ  c a n  p r o v e  t o  b e  d i f f i c u l t  t o  o b t a i n  a n d  c h i e f l y  h a s  n o

r e a s o n  t o  b e  f u l l y  m a d e  o f  t e r m s  i n  e-θ 1 t  a n d  e-θ 2 t .   F o r  i n s t a n c e ,  s u p p o s e

t h e  l o n g - r u n  e c o n o m y  g r o w s  a t  s t e a d y  r a t e s ,  a n d  i n  p a r t i c u l a r  e x h i b i t s  s t ea -

d y  i n f l a t i o n s  Π  a n d  Π * .   T h e n  p  a n d  p *  a r e  l i n e a r  f u n c t i o n s  o f  t i m e  a n d  ∫eA( t -

τ)B( τ)U( τ)d τ  ca r r i e s  t e r m s  i n  t e-θ 1 t  a n d  t e-θ 2 t .

T h e r e f o r e  a p p r o a c h i n g  t h e  p r o b l e m  w i t h  n o n - g a p  v a r i a b l e s ,  a s  F r a n k e l

d i d ,  d o e s n ’ t  a l l o w  t o  a s s e s s  t h a t  t h e  e n d o g e n o u s  v a r i a b l e s  —  i n  l o g s  f o r  t h e

e x c h a n g e  r a t e  a n d  p r i c e s  —  c o n v e r g e  e x p o n e n t i a l l y  t o  t h e i r  l o n g - t e r m  e q u i -

l i b r i u m  v a l u e s 13.

Y e t  t h e r e  e x i s t s  o n e  s p e c i a l  c a s e  w h e r e  i t  i s  a l l o w e d :   t h i s  i s  w h e n  a l l  e x o -

g e n o u s  v a r i a b l e s  a r e  h e l d  c o n s t a n t .   B u t  w e  t h e n  g e t  b a c k  t o  D o r n b u s c h ’ s

f r a m ew o r k .

V.Conclusion

In this paper we have shown that by using the same model as Dornbusch’s but wi-

thout i ts  restr ict ive assumptions of no growth in the long-run macroeconomic varia-

bles and of a small  country, we keep the same kind of results as with the original mo-

del and moreover as with Frankel’s ‘‘real interest rate model’’.  Br iefly speaking, set -

t ing Dornbusch model in motion br ings Frankel model.

U n f o r t u n a t e l y ,  w e  a l s o  h a v e  p r o v e d  t h a t  t h e  e x p e c t a t i o n s  f o r m a t i o n  p r o -

c e s s  a t  t h e  h e a r t  o f  b o t h  m o d e l s  i s  u n l i k e l y  t o  h o l d  e n d o g e n o u s l y .

                                                

13 provided the in i t ia l  condit ion (28) be met.


